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Scribe Notes for Algorithmic Number Theory
Class 23—June 18, 1998

Scribes: Scott A. Guyer, Duxing Cai, and Degong Song

Abstract

The concept of a reduced basis is introduced and some properties are discussed. Also, the Lenstra,
Lenstra, Lovasz (L?) Algorithm is given, which starts with any given basis {b1, bs, . .., b, } and finds
a reduced basis.

1 Reduced Basis and Properties

Vectors by, b, . .., b, are quasi-orthogonal if |p;;] < %, 1 < j < i <n. Vectors are quasi-ordered if
167 + pii—1b; 1| > 3|[bf_1]|%. A basis is reduced if it is quasi-orthogonal and quasi-ordered.

THEOREM 1 The following properties hold for a reduced basis by, ..., b, of a lattice L:
L1512 > iy 2 for2 <i <.

2. |[b511? > 277|b5||1?, for 1 <j <i<n.

5. Ibil> < 21 o).

4 bgl1* < 2B |2, for 1< j < i <m.

5. Ifx € L — {0}, then ||b;||? < 2" 1||=|? .

Proof:

1. Comnsider

17 + priiabial® = NBFNZ + i PIB; I > 07 1%

=~ w

Since |p;;] < 1 implies |p; ;1% < %, we get

* 1 * *
Hbi||2+1||bi—1”2 > by |1

=~ w

Hence [[b7* > 3/1b;_41>.

2. This follows from property 1 of this theorem.
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3. Recall that )
i

b, = b: + Zu”b;
j=1

Squaring yields the following:

i—1
e A R Y o1
j=1
1L 1L
< B+ 3 o2 = ) | 14 Y2
J=1 j=1

* 2Z i— *
< e (1 %) <2
4. By properties 2 and 3, we know that [|b;|*> < 23'_1||b;f||2 and ||b;‘||2 < 2077 |b#||2. Combining
these and letting j = 1, we get ||b1]|? < 2071|672

5. Write x = Z?:l r;b;, where r; € Z. Let k be the maximum integer such that r; # 0 and
hence = = Zle rib;. It is easy to see that there exists an ] € @) such that z = Sk b

i=1"2""

From

k

r = Zrlbl
i=1
k i—1
= Dri | b Y b

i=1 =1
and

o= mb)

' (b7, b7)’

we see that

k
*
T, =T + E Hji,
j=it1

for 0 <i <k —1, and that

Since 1 € Z and 1y, # 0, we have |rg| > 1 and hence

k
1> =Y I P01 > 1P 105]1® = lral® 10807 > [105]1*.
i=1
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By property 4, we get

o] < 257 bR < 2¥Hlal|® < 27 . O

As a consequence of property 5, every reduced basis has the following property:

Iba]|* < 2771 /m(L).

2 Lenstra, Lenstra, Lovasz (L?) Algorithm

The goal of this algorithm is to start with a basis {b1, ba, ..., b,} and find a reduced basis.
The first step is to compute the Gram-Schmidt orthogonalization {b7, b3, ..., b} } and the p;;’s.
We obtain the matrix equation

bl 1 O O cet 0 bT
b2 H21 1 0 e ;
b — : b3
3 - w31 p32 1 3>

e L]

or simply
B = MB*.

Let [z] be the unique integer in (z — %,z + 3]. For any fixed 4, j, we can make |u;;| < % as
follows:

STRAIGHTEN-ELEMENT (%, j)
L m o [p)

2 bz — bz - mbj

3 fork—1toj

4 do pik — pik — Mpbjk

STRAIGHTEN-ELEMENT takes O(n) arithmetic operations. For any fixed i, we can make all |p;;| <

1
2
in row 7 as follows:

STRAIGHTEN-ROW (1)

1 for k<« i—1down to 1
2 do STRAIGHTEN-ELEMENT(i,k)

STRAIGHTEN-ROW takes O(n?) time. Now, we need to work on getting quasi-ordering. Suppose
B is not quasi-ordered and k is the smallest integer such that

3
LU (R LY
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Then we swap rows k — 1 and k in B.
The old (k — 1)th orthogonal basis element is

k—2

b1 =br-1— Zﬂkfl,jb;-
=1

The new (k — 1)th orthogonal basis element is
k—2
br — Zﬂk,jb; = by + Mk k1051
j=1

Hence the norm square of the (k—1)th row has decreased by a factor strictly less than %. These are
all the ideas used in the Lenstra-Lenstra-Lovasz algorithm. Pseudocode for the algorithm follows.

L3(b17 b2a ey b’n)

1 fori—1ton
2 do GRAM-SCHMIDT(b;)
3 bY — b,
4 for j«—1toi—1
5 do pij — (b;, b})/B;
7 B — (45,65 > By = ||l
8 k2
9 while k£ <n
10 do STRAIGHTEN-ELEMENT(k, k — 1)
11 if By > (3~ pf_1)Br 1
12 then STRAIGHTEN-Row(k)
13 k—k+1
14 else > Swaprow k — 1 and k
15 Ko Pk k—1
16 B « By + p*By_1
17 Pkk—1 < Br_1/B
18 By, «— By_1By/B
19 Bk—l — B
20 (bk—1,bx) < (br, bp—1)
21 for j«—1tok—2
22 do >(pk-1,; #k,5) — (th,js Pe-1,5)
23 fori— k+1ton
24 do ( i k—1 ) o [ 1 pek ] [ 0 1 } ( i k—1 )
ik 0 1 I —p ik
25 if k>2
26 then £k — k-1

27 return (by, b, ..., by)

The following begins a proof that algorithm L terminates. The proof is concluded tomorrow.
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Proof: Define
di = |det(<bj, bk>)1§j,k§i| .

This is equal to

= |det((b3, bi))1<jk<il
=TI
=1
2

for 0 <i < n. It is easy to see each d; is a positive integer, dy = 1, and d,, = (d(L))*.



