B. Methods for solving a single IVP

1. Taylor series methods

e Idea: approximate x(ty41) a truncated Taylor series for x, expanded about t.
e Examples
— Euler’s method:
Tpy1 = Tk + hf (te, Tx)
— Higher order methods

h2 hP
Tpy1 = T + hf(ty, 23) + ?f’(tk, xp) + -+ ?f@—l)(tk,xk)

2. Runge-Kutta methods
e Idea: get better approximation to x(t 4+ h) by evaluating f at more places, rather than
by differentiating f.
e Examples
— RK method of order 2

Thy1 = Tp + g f(tes xr) + f(terr, 2k + hf(te, 1))

— RK method of order 4

Ky, = hf(tk+g,xk+%K1),
Ks = hf <tk+g,xk~l—%K2),
Ky = hf(tpsr,zr + Ks),
Tpt1 = T+ %(Kl + 2K5 4+ 2K3 + Ky)



3. Multistep methods

e Idea: use information from tg, ..., t; to compute zpy1.
e Examples

— An “explicit” m-step formula:

k k
Ther= > i+ Y. Bif(t, @),
j=k+1-m j=k+1-m

where the a; and 3; are chosen to minimize the local error.
— An Adams-Bashforth m-step formula:

k
Tht1 —.’Ek+h( Z /ij(tjaxj>) :
j=k+1—-m

— A 3-step Adams-Bashforth formula:

h
Tt = Tk + 75 (23f(tk, o) — 16 f (tp—1,2p—1) + 5f (th—2,Tk—2)) -

4. Implicit methods

e Idea: xy11 is defined implicitly at each step
o Examples:

— Backward Euler.
Tky1 = Tk + hf (b1, Thy1)

— Trapezoidal rule.

Ty = Tk + h(f (tr, ox) + f(tet1, Trgr))

— 3-step Adams-Moulton.

h
Tht1 = Tp + ﬂ(9f(tk+1, T1) +19f (e, o) — 5 (tic1, wim1) + f(tiz2, i—2))



