Numbers Numbers 1

Mathematics, rightly viewed, possesses not only truth, but supreme beauty.
Bertrand Russell

'Here lies Diophantus,' the wonder behold.

Through art algebraic, the stone tells how old:

'‘God gave him his boyhood one-sixth of his life,

One twelfth more as youth while whiskers grew rife;

And then yet one-seventh ere marriage begun;

In five years there came a bouncing new son.

Alas, the dear child of master and sage

After attaining half the measure of his father's life chill fate took him.

ﬁ\_ftel_rfconsoling his fate by the science of numbers for four years, he ended
IS life.’
Epitaph of Diophantus (apocryphal)
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. Basic Definitions Numbers 3

Number theory is the branch of mathematics that is concerned (primarily) with the
study of the properties of integers.

We'll take the notion of an integer as a primitive (undefined) concept we all
understand.

A prime integer is an integer that is larger than 1 and has no positive divisors
except itself and 1.
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W Divisibility

Numbers 4

Suppose that x and y are integers. Then we say that x divides y if there exists an
Integer k such thaty = x * k.

If x divides y, we write X | y.

Examples:

13 | 689 because 689 = 13 * 53

9| 11322 because 11322 =9 * 1258

To indicate that x does not divide y we put a slash through the |; but it seems that neither
MS nor MathType support that symbol.
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™ More Basic Definitions Numbers 5

We say two integers x and y are relatively prime if 1 is the largest integer that
divides both x and y.

So, 24 and 25 are relatively prime but 24 and 36 are not.

The greatest common divisor or GCD of two integers x and y is the largest integer
d suchthatd | xand d | .

GCD(12, 16) = 4

GCD(24, 36) =12
GCD(125, 128) = 1 (so they're relatively prime)
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. Some Theorems Numbers 6

Theorem 1: If x | y and x | z then for all integers m and n, x | (m*y + n*z).

Corollary: If x | y then x | y2.

Theorem 2: If x| yandy | zthen x | z.

Theorem 3: If x [yandy | xthenx =y or x = -y.
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Parity as a Heuristic Numbers 7
We say an integer is even if it is divisible by 2 and odd if it is not divisible by 2.
This is often referred to as the parity of the integer.

The idea is often generalized to situations in which a thing has two possible
values, or values of two possible types.

A chess knight makes an L-shaped move,
two squares followed by one square, where
the first part can be in any vertical or
horizontal direction (but never diagonal).

Is it possible to start with a knight in the
upper-left square of this mutilated
chessboard and jump it around until every
square has been exactly once and the
knight winds up in the original square?
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W Party Guests Numbers 8

Dwight Sportsfan always has a group of friends over to watch the Super Bowl on his 84"
plasma TV. In preparation, he buys 84 bottles of beer, knowing that each of his guests
always drinks the same number of beers as all the other guests, and that they will drink
every bottle of beer that is available. Dwight himself does not drink beer.

How many guests might Dwight invite to his Super Bowl party?
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. Another Theorem Numbers 9

Fundamental Theorem of Arithmetic

Every integer N, larger than 1, can be expressed uniquely (disregarding order) as a
product of primes.

Examples:
36 =2*2*3*3 = 22*3¢
2104 =2*2*2*263 = 23*263
72270 =2*3*3*5*11*73 = 2*32*5*11*73
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W Party Guests Again Numbers 10

Dwight Sportsfan always has a group of friends over to watch the Super Bowl on his 84"
plasma TV. In preparation, he buys 84 bottles of beer, knowing that each of his guests
always drinks the same number of beers as all the other guests. Dwight himself does not
drink beer.

How many guests might Dwight invite to his Super Bowl party?
Now: 84=2*2*3*7
So the possible products to form 84 would be:
1*84 2*42 4*21
6*14 12 *7 28 * 3

Each different pair implies two possibilities.
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A Decanting Problem Numbers 11

You need to have a container holding exactly 1 gallon of water.

You have two jugs, capable of holding 3 and 5 gallons of water, respectively.

Unfortunately, neither jug is marked in any way that would allow you to measure how
much water was in it if it was partially filled.

You are also near a stream of clear, cold water, so at least you have an effectively infinite
supply of that...

Is it possible for you to use your two jugs in such a way that on of them will contain
exactly 1 gallon of water and the other jug is empty? If yes, how? If no, why not?
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Some Analysis Numbers 12

First of all, if we ever reach a state when both jugs are partially filled, we won't be able to
determine how much water is in either one... we'll just have to empty them or top them

off.

So, it makes no sense to pour water from one jug into the other jug, unless that leaves one
jug full or one jug empty.

By the same reasoning, it makes no sense to partially fill either jug from the stream.
And, it makes no sense to pour all the contents of a partially filled jug back into the stream,
since that either leaves us with both jugs empty (back to our starting state) or with one jug
empty and the other full (which can be reached in one step from our starting state).
So at each step the only reasonable moves are to:

- completely fill an empty jug from the stream

- completely empty a full jug into the stream

- pour from one jug into the other, completely filling or completely emptying one
jug and leaving the other jug partially filled
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Some Algebra Numbers 13

Let x be the total number of times the 3-gallon jug has been filled from the stream or
emptied into the stream, but we'll count filling it once as +1 and emptying it once as -1.

Note that 3x then represents the total amount of water that has transferred between the
stream and the 3-gallon jug (counting flow into the jug as positive and flow out of the jug
as negative).

Let y be the total number of times the 5-gallon jug has been filled from the stream or
emptied into the stream, with the same logic as above.

We won't use x or y to measure transfers between the two jugs.
Now, 3x + 5y equals the total amount of water that has been removed from the stream.
So, we want to find values of x and y such that

3X+ 5y =1,

BUT the values of x and y must be integers!
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I Diophantine Equations Numbers 14

A Diophantine equation is an equation in which all coefficients are integers and in which
we are interested only in integer solutions.

Diophantine equations have a long and storied history in the development of mathematics,
going back (at least) to Diophantus of Alexandria (c. 275 CE).

The topic is far too broad to consider in depth here, but we can discuss a few useful
techniques.

Currently, we're interested in the linear Diophantine equation 3x + 5y = 1.
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B Decanting Again Numbers 15

The linear Diophantine equation 3x + 5y = 1 can be solved easily by trial-and-error
techniques, but

- That's only because it has "nice" coefficients, and
- it's no fun to find a solution by trial-and-error anyway.

For linear Diophantine equations of the form ax + by = ¢, where c is the greatest common
divisor (GCD) of a and b, there is a simple tabular solution method:

X y d Kk
1 0 3
0 1 5 0 < 3/5, remainder = 3
(2-up) — k*(1-up) 2 1 0 3 1 < 5/3, remainder = 2
-1 1 2 1 & 3/2, remainder = 1
2 -1 1 2 €< 2/1, remainder = 0 so stop

This yields the solution 3 * 2 + 5 * -1 = 1, but what does this mean?
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I Decanting Solution Numbers 16

Our linear Diophantine equation for the decanting problem, 3x + 5y = 1 has the solution
X=2,y=-1

But what does that mean? 1.e., how do we obtain 1 gallon?

Well, the simplest interpretation is that it indicates we fill the 3-gallon jug, x, from the
stream 2 times and we empty the 5-gallon jug, y, into the stream once.

Clearly then, we start by filling the 3-gallon jug from the stream: 3 0
Now all we can do next is pour the 3-gallon jug into the other one: 0 3
Now, all we can do is fill the 3-gallon jug again: 3 3
Now, all we can do is pour from the 3-gallon jug into the other one: 1 5
Finally then, empty the 5-gallon jug into the stream: 1 0
Ahal
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" Another Theorem Numbers 17

Theorem 4: If the linear Diophantine equation Ax + By = C is such that Aand B
are relatively prime, then:

a) There are integers X, and y, that satisfy the equation.

b) Every pair of integers given by the following formulas also
satisfy the equation:

X =X, + Bk y =Yy,—AkK

where K is an arbitrary integer.

So, since the linear Diophantine equation 3x + 5y = 1 is satisfied by x0 = 2, y0 = -1, then
we also have the following solutions:

X =2+ 5k y=-1-3k
So another solution would be x =7 and y = -4... can you interpret that?
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I Another Decanting Problem Numbers 18

You need to have a container holding exactly 1 gallon of water.

You have two jugs, capable of holding 4 and 6 gallons of water, respectively.

Unfortunately, neither jug is marked in any way that would allow you to measure how
much water was in it if it was partially filled.

You are also near a stream of clear, cold water, so at least you have an effectively infinite
supply of that...

Is it possible for you to use your two jugs in such a way that one of them will contain
exactly 1 gallon of water? If yes, how? If no, why not?
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. Solution Numbers 19

In this case, we would have the following linear Diophantine equation:

4x + 6y =1
Recall:

Theorem 1: If x | y and x | z then for all integers m and n, x | (m*y + n*z).

Now, 2 | 4 and 2 | 6, so by Theorem 1 it must be true that 2 | 4x + 6y for all possible integer
values of x and y.

So, if this Diophantine equation has a solution, we would have that 2 | 1, which is clearly
false. Therefore, the equation must have no solutions.
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™ Animal Auction Numbers 20

Henry, Eli, Cornelius and their wives Gertrude, Katherine, and Anna (not necessarily in
that order) each purchased at least one animal at a farm auction. No two of them
purchased the same number of animals.

The price (in dollars) that each of them paid for each animal was equal to the number of
animals that he or she bought.

Henry purchased 23 more animals than Katherine did, and Eli spent $11 more per animal
than Gertrude did. Also, each husband spent a total of $63 more than his wife.

Who was married to whom?
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Animal Auction Solution Numbers 21

Now, the number of animals each person bought, and the price he/she paid for
each must be a positive integer, so all the values in the problem are positive
Integers.

Represent the number of animals each person bought by that person's first
Initial; note that this also equals the price that person paid for each animal.

So: Henry paid H dollars each for H animals; Eli paid E dollars each for E
animals; and so forth.

Further H=K +23and E = G + 11.

And, each husband, x, and wife, y, must satisfy the equation x"2 — y"2 = 63,
but we don't know how they are paired up yet.

We do know that H2 — K"2 = (K+23)"2 — K2 = 46K + 529, and that cannot
equal 63, so Henry is definitely not married to Katherine. A similar analysis
tells us that Eli cannot be married to Gertrude. But that 1sn't much...
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™ Animal Auction Solution Numbers 22

Let Hw denote Henry's unknown wife; then we know that:
63 = 3*3*7 = H"2 — HW"2 = (H-Hw)(H+Hw)

The only factor-pairs that yield 63 are: 1*63, 3*21, 7*9
And, H+Hw > H-Hw, so we have three possibilities:

(H-Hw =1 and H+Hw = 63) or (H-Hw =3 and H+Hw =21) or
(H-Hw =7 and H+tHw = 9)

These yield three cases (note we know H > Hw):
(H=32and Hw =31) or(H=12and Hw=9) or (H=8and Hw = 1)

But we also know that H = K + 23, so H > 23: therefore, H = 32 and Hw = 31.
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™ Animal Auction Solution Numbers 23

We know: H =32 and Hw = 31.

Now, a similar analysis of E and Ew and the facts that E > 11 and no two
people bought the same number of animals reveals that it must be the case that

E=12and Ew = 9.
And, that leaves us with the conclusion that C = 8 and Cw = 1.

Now, since H = K + 23, we know that Katherine must have bought 9 animals,
and hence Katherine must be married to Eli.

And, since E = G + 11, we know that Gertrude must have bought 1 animal and
so Gertrude must be married to Cornelius.

And, that leaves us with the final conclusion that Henry must be married to
Anna, who must have bought 31 animals.
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Confused Teller Numbers 24

It was a strange lapse on the part of the bank teller. Evidently, he misread the
check, for he handed out the amount of dollars in cents and the amount of cents in

dollars.

When the mistake was pointed out to him, he became flustered, made an absurd
mathematical error, and handed out one dollar, one dime and one cent more.

But the depositor declared that he was still short of the correct amount of money.
The teller finally pulled himself together, doubled the amount he had already
given to the depositor (that is, he handed the depositor an additional amount equal
to the total amount he had given the depositor previously), and that settled the

transaction to everyone's satisfaction.

What was the amount of the check?
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Confused Teller Solution Numbers 25

Let D be the number of dollars and C be the number of cents in the
check; then the total amount due (in cents) would have been
100D + C.

Altogether, the teller paid out:
D + 100C // original payout
+100+10+1 // second payout
+ D + 100C + 100 + 10 + 1 // final payout

So we have the equation: 2D + 200C + 222 = 100D + C

which yields the Diophantine equation: 98D — 199C = 222
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Confused Teller Solution Numbers 26

Now we know for certain that C <= 99 since that's the cents amount
of the check.

We also know that D > 0 and C > 0 (since the equation cannot be
solved if D or C is zero).

And, it seems reasonable to assume that D <= 99 since otherwise
the teller would have counted out more than 100 pennies when
making the original payout and that should have told the teller he
was making an error. (It turns out that's an unnecessary bound; but
w/o it we can't claim a unique solution).

Now this equation is solvable by using modular arithmetic.
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I Confused Teller Computational Solution

#include <stdio.h>

Numbers 27

The solutionisD =51 and Y = 24,

int mainQ) { so the check was for $51.24.
int 1b = 1;
int ub = 99;

int a =98, b = -199, c = 222;

for (int x = 1b; x < ub; x++) {
for (inty = 1b; y < ub; y++) {
if ( a*x + b*y == c ) {

printf("x = %5d y = %5d\n", x, y);

}

}

return 0O;
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