Programming Calculus

“Proof of Correctness’
Dijkstraand Gries

Notation

o Assignment {P[e- X]} x:=e{P}

» Composition
{P1} s1{P2}, {P2} S2{P3}

{P1} S1S2{P3}

» Alternation Bl or ... or Bn
{P~"B1} Si{R} 1<i<n
{P}ifB1 - Sl...Bn - Snfi{R}
-one Bi must be true, Si is executed




Notation 2

o |teration {Pand B} S{PF}
Pisinvariant relation (does not change)
{PA"B/ t<tO+ 1} S{t<t0}

S must reducet by at least 1
(PAB)O t>0
{P} doB - Sor{P"-B}
Whent<0thenB ~ false

Notation 3
WP (SR)

Statement S — give arule for developing the weakest
precondition for which execution of s will
established the post condition R

» must derive the precondition P from Sand R

» Sisapredicate transformer which transforms P to
R




o Step 1 — Input and Output Assertions
— pre and post condition

o Step 2 —Loops
— develop invariant relation
—initialize, loop body, termination

o Step 3—Think in terms of “While” loop not
For

o Step 4 — Work backwards — start at post
condition

o Step 5— Limit nested statements

e Step 6 — Document program

Let Bi beinitial valuesin bJi]
I nput assertion
(3)s=0"Db[li]=Bil<i<n

Form of line (w1 —word 1)
W1[1] W2[1] ... Wn[g]
b[1] = 1; b[2] = b[1] + len (W1) + 1

Output form
(4) W1[p+1] W2[p+1]...[p+1]Wt[g+]]...[g+1]Wn




Restrictions p,g,t

1<t<n

p=09g=0

p(t-1) + q(n-t) = s

(5) ((odd 2) ~ g=p+1) O ((even Z) » p=q+1)

from 3
(6){ bli]=Bi +p(i-1) 1<i<t }
b[i] =Bi + p(t-1) + q(i-t) t<i<n
post condition —6

Algorithm
{3}
Calculate p,g,t from (5)
{3~ (5)}

Calculate b[1:t] from (6)
(5) "b[i] =Bi +p(i-1) 1<i< t}
Ap[i] =Bi t<i<n
Calculate new b[t+1 : n] from (6)
(1 {() " (6)}




Algorithm 2

Refine Calculations b[ 1:t]

* need loop counter k

e invariant relation P1

PL: 1<sk<tincr=p* (k-1) (5)
b[i]=Bi+p*(i-1) 1<i<k

(8) b[i]=Bi k<i<n

Algorithm 3

linitial k=1;incr=0

loop S: k=k+1; incr = incr + P; b[K] = b[k] + incr
Choose B [OP1 ~ >B is postcondition
aB=incr=p* (t-1) } since
useB =incr<>p* (t-1) p may be 0




loop:
{calculate b[1:t] from (6)}
k:=1
incr =0
Whileincr <> p* (t-1)
k=k+1
incr =incr + p
b[K] = b[k] + incr

P2 t<k<nincr=p* (t-1) +q* (k-t) (5
b[i] =Bi+p* (i-1) 1<i<t

b[i] =Bi+p* (t-1) +q* (i-t) t<i<k
b[i] =Bi k<i<n

{Calculate bt+1:n}

loop2 k=t

Whilek <>ndo
k=k+1
incr=incr +q
b[k] = b[K] + incr

{Caculatep,qt}

even(z) - p=q+1

() * (1) +q* (n-t) =s (5
O0<tlsn-1

g=sdiv (n-1)
(10){ t=s+1-qg* (n-1)

p=gq+1




Derive Wp execution of (10)

will establish

even (z) *s= 0" (sdiv(n-1) 20)
(must have at least 2 words)

ifn<1 - skip
elseifn>1 - if (evenz) - q=sdiv(n-1)
t=s+1-q* (n1)
p=qg+1
if (oddz) - p=sdiv(nl)
q=p+1
t=p*(n-1)+n-s
loop 1
loop 2
fi




