CS/MATH 3414 Homework # 10

. Compute w; and z; (¢ =0, 1, 2) such that the formula

/_11 f(x) cos (%) dr ~ iwlf(azz)

is exact if f is a polynomial of degree < 5. Give w; and z; to 12 significant digits.

. Compute coefficients such that the formula

AwﬂMfﬂn~mﬁ@+wdw»+wﬂn+wﬁﬁ>

is exact if f is a polynomial of degree < 3. [Hint: [[°z"e™"dz =T(n+ 1) =n!]

. Compute the first three orthogonal polynomials €2, €21, (25 with respect to the inner product

(f,9) = —fol f(z)g(z)Inz dx.

. Express x

Extra Credit

5 as a linear combination of the Chebyshev polynomials Tp, T4, ..., Ts:

z° = Ty + T + Ty + T + T, + Ts.

. Find the polynomial p*(z) of degree < 3 which minimizes

o [ @)’
R

over all polynomials p(x) of degree < 3.
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LEAST SQUARES APPROXIMATION EXAMPLE

Problem: Find the polynomial p*(z) of degree < 2 which minimizes

/ ' (p(a) — sinz)de.

-1

Solution: Define (r, s) = f_ll r(z)s(z) dz, f(z) = sinz. Then the problem is equivalent to
1 ) ,
min [ (ple) ~ sinz)”do = min(p — £,p— ) = minllp — f| 1)
-1

or
min ||p — f|| (2)
P

where the minimization is done over all polynomials p of degree < 2. The solution to (2) is

where ¢q, ¢1, ¢2 are orthogonal polynomials with respect to the inner product (-,-). Now, working
out the deta‘ﬂsa ¢0 - ]-; ¢1 =T, ¢2 - (3/2)($2 - 1/3)’ <¢07 ¢0> - 25 <¢15 ¢1> - 2/35 <¢27¢2> - 2/55
<fa ¢0> = O> <f7 ¢1> = 2(81111 — COs 1)’ <f7 ¢2> = 0. Thus

2(sinl —cos 1)

p(z)=0-1+ 273

z+0- g(aﬂ —1/3) = 3(sin1 — cos1)z.
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