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Outline

* |ntuition behind principal component analysis (PCA)
 PCA recipe

e How PCA works



Programmers

e Arrays

e Fixed basis

Vectors

Mathematicians

e Direction in space and
magnitude

e No fixed basis
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PCA Intuition

 Find low-dimensional principal directions of data

e |ow-dimensional representation of data that most accurately
reconstructs original data
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» Align orthogonal axis with data variance

e Use highest-variance dimensions; discard low-variance dimensions



PCA Intuition

* Find low-dimensional principal directions of data

e |low-dimensional representation of data that most accurately
reconstructs original data
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» Align orthogonal axis with data variance

e Use highest-variance dimensions; discard low-variance dimensions



Cclgenvectors

eigenvector (unit vector)

\
Av = \v

/ \

inear transformation eigenvalue
(stretching, shearing, rotating)



Cclgenvectors

For symmetric matrices

Au = \u
AV_ )\V v Au=\Nv'u
u'Av = \u'v

0=M\—=XN)u'v

elgenvectors are orthogonal®
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Linear algebra _

numpy.linalg.eig

numpy.linalg. €1g (a) [source]
Compute the eigenvalues and right eigenvectors of a square array.

Parameters: a: (..., M, M) array

Matrices for which the eigenvalues and right eigenvec-
tors will be computed

Returns: w: (.., M) array (W iS diagOﬂa\ Of D)

The eigenvalues, each repeated according to its multi-
plicity. The eigenvalues are not necessarily ordered. The
resulting array will be of complex type, unless the imagi-
nary part is zero in which case it will be cast to a real
type. When a is real the resulting eigenvalues will be
real (O imaginary part) or occur in conjugate pairs
v:(.,M M)array
The normalized (unit “length”) eigenvectors, such that
the column v[:,i] is the eigenvector corresponding to
the eigenvalue w[i] .




PCA Recipe V.1

Input: centered data X € RIxP x; € RY X1=0
Covariance matrix ZX/ = —XXT ] ]
A O 0
| N 0 X 0
Figendecomposition Y =VDV' V =|[v,...,vy] D= .
0 0 Ag |
Truncate eigenvectors Vi = [v1, ..., v/] Ak > Akt

Project onto truncated eigenvectors Zi = V,Tx,- / = V,TX Xi = Vrz

Reconstruction



PCA Recipe v.2

Input: centered data X € RIxP x; € R? X1=0

Singular-value decomposition

T _ T .
(SVD) of transpose X =USV U, Vunitary & orthogonal

S diagonal
Truncate right singular vectors ~ V, = [v1, ..., V]

Project onto truncated right singular vectors zi=V'x, Z=V'X

XXT =(vsTuTyusvT) =V(§'S)v' =VDV
U'U=1 S'S=D

right singular vectors of (n x d) data matrix = eigenvectors of covariance matrix



How PCA Reduces Reconstruction Error
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T T T
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max —ZXTWWTX, st. WITW =1

W.Z n
- Z ZX Wi Wy X explicitly write out dimensions
=1 k=1
L T T . .
- Z ZX; Wi Wy Xi flip nested summations
k=1 i=1
n
, T T .
Let’'s focus on 1d case: Z Wi XiXj Wk = w, ¥ w covariance

L(wi, M) = w, “wy + Ae(w, wy — 1) [ agrangian for unitary constraint

Vi, L =22wi — 2wy gradient wrt wg
2 Wik = Ak W each wkx must be an eigenvector

w, Ywy = A\, -variance is the eigenvalue; choose greatest eigenvalue



summary

« PCA is afew lines in numpy

* roughly the same amount of code as configuring and using built-in PCA

* Eigen-decomposition or SVD equivalent

o Showed proof for 1-D PCA.



Closing Tidbits

* Principal component analysis
e eigenvalue, eigenvector lowercase

e |ntuition of covariance matrix as linear transformation?



