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Plan

• Minimax 

• Pruning minimax search



Game Representation

• zero-sum games of perfect information 

• Two players: MAX vs MIN 

• Players alternate actions: state space transitions



• PLAYER(s): which player chooses the action in state s 

• ACTIONS(s): what actions are available from state s 

• RESULT(s,a): the state that results from action a in state s 

• TERMINAL-TEST(s): whether state s is a terminal state 

• UTILITY(s): the value of state s, usually only if terminal

• PLAYER(s) 

• ACTIONS(s) 

• RESULT(s,a) 

• TERMINAL-TEST(s) 

• UTILITY(s)

Representation Elements



Minimax Strategy
• Choose best move assuming opponent plays optimally

• i.e., opponent also uses minimax 

• MINIMAX(s) =  
        if TERMINAL-TEST(s) then UTILITY(s)  
        if PLAYER(s) = MAX then  
             max of MINIMAX(RESULT(s,a)) for a in ACTIONS(s) 
        if PLAYER(s) = MIN then  
             min of MINIMAX(RESULT(s,a)) for a in ACTIONS(s)



• MINIMAX(s) =  
        if TERMINAL-TEST(s) then UTILITY(s)  
        if PLAYER(s) = MAX then  
             max of MINIMAX(RESULT(s,a)) for a in ACTIONS(s) 
        if PLAYER(s) = MIN then  
             min of MINIMAX(RESULT(s,a)) for a in ACTIONS(s)
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5 ADVERSARIAL SEARCH

functionMINIMAX-DECISION(state) returns an action
return arg maxa ∈ ACTIONS(s) MIN-VALUE(RESULT(state ,a))

functionMAX-VALUE(state ) returns a utility value
if TERMINAL-TEST(state) then return UTILITY(state)
v←−∞
for each a in ACTIONS(state) do

v←MAX(v , MIN-VALUE(RESULT(s , a)))
return v

functionMIN-VALUE(state ) returns a utility value
if TERMINAL-TEST(state) then return UTILITY(state)
v←∞
for each a in ACTIONS(state) do

v←MIN(v , MAX-VALUE(RESULT(s , a)))
return v

Figure 5.3 An algorithm for calculating minimax decisions. It returns the action corresponding
to the best possible move, that is, the move that leads to the outcome with the best utility, under the
assumption that the opponent plays to minimize utility. The functions MAX-VALUE and MIN-VALUE
go through the whole game tree, all the way to the leaves, to determine the backed-up value of a state.
The notation argmaxa∈ S f(a) computes the element a of set S that has the maximum value of f(a).
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What about the MINIMAX algorithm does not work 
if the game is not zero-sum? 

How can we adjust the algorithm to address this 
problem?



For every game tree, the utility obtained by MAX 
using minimax decisions against a suboptimal 
MIN will never be lower than the utility obtained 

against an optimal MIN



Pruning
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Alpha-Beta Pruning
• [alpha, beta]  

alpha = upper-bound on minimax value 
beta = lower-bound on minimax value
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12 Chapter 5. Adversarial Search

function ALPHA-BETA-SEARCH(state) returns an action
v←MAX-VALUE(state ,−∞,+∞)
return the action in ACTIONS(state ) with value v

functionMAX-VALUE(state ,α,β) returns a utility value

if TERMINAL-TEST(state) then return UTILITY(state)
v←−∞
for each a in ACTIONS(state) do

v←MAX(v , MIN-VALUE(RESULT(s ,a),α,β))
if v ≥ β then return v
α←MAX(α, v )

return v

functionMIN-VALUE(state ,α,β) returns a utility value

if TERMINAL-TEST(state) then return UTILITY(state)
v←+∞
for each a in ACTIONS(state) do

v←MIN(v , MAX-VALUE(RESULT(s ,a) ,α,β))
if v ≤ α then return v
β←MIN(β, v )

return v

Figure 5.7 The alpha–beta search algorithm. Notice that these routines are the same as the
MINIMAX functions in Figure ??, except for the two lines in each of MIN-VALUE and MAX-VALUE
that maintain α and β (and the bookkeeping to pass these parameters along).



Notes

• Transposition table: cache previously-seen states 

• Maximum-depth heuristics



Reading

• Chapter 5 up to 5.3


