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More on the Lupanov Representation
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1 Development of Lupanov Representation

Here we explain the development of the Lupanov representation for a Boolean function f :
B" — B using the example of Figure 2.22, where n = 6 and k = 3. The example is a Boolean
function f : B® — B. Since k = 3 and n — k = 3, we think of f as a function

f:BxB>—B.

We use the notation a for an element of B* and b for an element of B" %, so we can write
f(a,b) for an evaluation of f. We take the elements of B* to index the rows of a truth table
and the elements of B"~* to index its columns. Figure 1 contains the same truth table as in
Figure 2.22.

b b, bs by bs bg by  bg
0 1 0 1 0 1 0 1 T4
0 0 1 1 0 0 1 1 5
a;; T To T3 0 0 0 0 1 1 1 1 Tg
a1 0 0 0 0 1 0 0 0 1 0 0
aio 0 0 1 0 1 1 0 0 1 1 1 Aq
a3 0 1 0 1 0 0 1 0 0 0 1
as 0 1 1 1 0 1 1 0 0 1 0
as o 1 0 0 0 0 0 0 1 0 0 1 As
ass 1 0 1 1 1 0 1 1 0 0 0
az 1 1 1 0 1 0 1 1 0 1 1 0
azo 1 1 1 0 1 0 0 0 0 1 0 As
azs 1 1 1 0 1 0 0 0 0 1 0

Figure 1: Truth table for (3, 3)-Lupanov representation.

As in the textbook, the row vectors (from B¥) are partitioned into p = 3 sets A;, Ay, and
Ajs. Each set has s = 3 row vectors, except for A3, which contains only s’ = 2 row vectors. For
ease of exposition, an extra, duplicate, row has been added to As, so that it too has s rows.

We index the s row vectors in A; to be a;;, where 1 < j < s. In our example, we have
these vectors in A;: a; 1, a;2, and a; 3. Similarly, we label the 27—k column vectors by, where
1 <t <2"F In our example, we label the columns by, bo, ..., bg.

Fix i and hence A;. Define

gi: Bn—k — B
to be

gi(b) = (f(ai1,b), f(ai2,b),..., f(ais, b)),
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by, x x5 ws | gi(by) | g2(by) | gs(by) J
b 0 0 0 0 0 1 1 0 1 1 0 0
b, 1 0 0 1 1 0 0 0 1 0 1 1
bs 0 1 0 0 1 0 1 0 0 1 0 0
by 1 1 0 0 0 1 1 0 1 1 0 0
bs 0 0 1 0 0 0 0 1 1 0 0 0
bg 1 1 0 1 1 0 0 0 0 1 0 0
b7 0 1 1 0 1 0 1 0 0 1 1 1
bg 1 1 1 0 1 1 0 1 0 0 0 0

Figure 2: Table of g; values.

which is the s-vector of values in the column for b and the rows for A;. Figure 2 gives all the
g; values for our example.
Now, for 1 < ¢ < p, define the column function

c; B x B"* B
to be

' B 1 if g;(b) = v;
c(v,b) = { 0 otherwise.
Finally, for 1 <14 < p, define the row function

ri B x B - B

to be

ri(v,a) 0 otherwise.

{ 1 ifa=a;;and 7 (v) = 1;
Now observe that, if a € A;, b € B** and f(a,b) = 1, then there exists v € B° such that

ri(v,a) Aci(v,b) = 1
= f(a,b).

Hence, we get the (k, s)-Lupanov representation of f:

f(a’ b) = vf:l VyveBs (Ti(vv a) A Ci(v’ b))
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For our example,

F@ab) = Vi Vee((0,0,0),0,0,1),0,1,0),(0,1,1),(1,0.0),(1,0,1),(1,1,0),1,1,0)} (ri(V,a) A ci(v, b))
= (r1((0,0,0),a) A c1((0,0,0),b) vV ri((0,0,1),a) A c1((0,0,1),b) V
1((0,1,0),a) A c1((0,1,0),b) V r1((0,1,1),2) A c1((0,1,1), b) V
r1((1,0,0),a) A c1((1,0,0),b) Vr1((1,0,1),a) A ¢y (1 0,1),b) Vv
r1((1,1,0),a) Ae1((1,1,0),b) Vri((1,1,1),a) Aer((1,1,1),b)) V
(r2((0,0,0),a) A c2((0,0,0),b) vV ra((0,0,1), )A02((, 1),b) Vv
r2((0,1,0),a) A c2((0,1,0),b) V ro((0,1,1),a) A c2((0,1,1),b) V
r2((1,0,0),a) A c2((1,0,0),b) V ro((1,0,1),a) A c2((1,0,1),b) V
ro((1,1,0),a) A ca((1,1,0),b) V ra((1,1,1),a) A ca((1,1,1),b)) V
(r3((0,0,0),a) A cs((0,0,0),b) Vrs((0,0,1),a) Aes((0,0,1),b) V
r3((0,1,0),a) A c3((0,1,0),b) V r3((0,1,1),a) A e3((0,1,1),b) V
r3((1,0,0),a) A c3((1,0,0),b) vV r3((1,0,1),a) A e3((1,0,1),b) V
r3((1,1,0),a) A es((1,1,0),b) Vrs((1,1,1),a) Aeg((1,1,1),b))

2 A Circuit for the Lupanov Representation

A circuit for the Lupanov representation of f is built by decoding a and b; computing r;(v, a)
and ¢;(v,b) for fixed ¢ and v; and combining the results with AND and OR gates.

2.1 Decoders for a and b

Apply Lemma 2.5.4 to obtain a decoder circuit for a € B¥ with complexity

k
CQO (fc(le()zode) g + (Qk - 2>2k/2
2k +l€21+k/2
[logy k] +1

2+ logy k

Da, (fictodc)

INIA A

and a decoder circuit for b € B"* with complexity

CQO ( d(:;’;l) < on—k + (2(n _ k) _ 2)2(71716)/2
gk 4 pol+(n—hk)/2)

(n—k) )

Dq, ( Jecode [logon — k| +1

2 + logy n.

IANIA A

2.2 Circuit to compute the r;(v,a) functions

There are p row functions r;. Fix i, where 1 <i <p, and v € B%. If a € A;, then r;(v,a) = 0.
Hence, r;(v,a) = 1 for at most s values of a, so r;(v,a) is the OR of at most s of the outputs
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from the a decoder. This requires < s additional gates and additional depth < [logy s] +1 <
2 + logy s. Computing all of the r;(v,a) functions requires < p2°s additional gates, and
additional depth < 2 + log, s, since the functions can all be computed in parallel.

2.3 Circuit to compute the ¢;(v,b) functions

There are p column functions ¢;. Fix ¢, where 1 < i < p, and v € B*. We have that ¢;(v,b) =1
exactly when g;(b) = v. Hence, every b € B"* contributes a single 1 to the output of each
of the ¢; functions. Define d;y : B° — B to be

div = c¢i(v,b).

Taking the outputs of the b decoder, we can compute all of the d;y functions, for fixed 7 and all
v € B®, with < 2"~* additional OR gates and additional depth < [logy(n—k)]4+1 < 2+logs n.
To compute all of the d;y(b) functions requires < p2"~* additional gates, and additional
depth < 2 4 log, n, since the functions can all be computed in parallel. Observe also that the
computation of the r; and the ¢; occur in parallel.

2.4 Circuit to compute the Lupanov formula

Once the 7;(v,a) and ¢;(v,a) values are computed, the Lupanov representation of f requires
< p2% additional AND gates, all in parallel with additional depth 1; and < p2° additional OR
gates with additional depth < [log, p2°] + 1 < 2 + s + log, p. Combining the sizes, we need
< p25T! additional gates. Combining the depths, we need < 3 + s + log, p additional circuit
depth.

2.5 Circuit complexity
The size of the constructed circuit is at most
Yv(n,k,p,s) = (2k + k21+k/2) + (2n_k + n21+(”_k)/2) + p2%s + p2nF 4 p2stl,
The depth of the constructed circuit is at most
d(n,k,p,s) = max{(2+logyk)+ (2+1logys),(2+logyn)+ (2+1logan)} + 3+ s+logyp
44 2logon+ 3+ s+ logyp
= T+ s+ 2logyn + logyp.
3 Upper Bounds on Circuit Complexity
As in the textbook, choose these values for k, p, and s:
k= [3logyn]

2k
b= Ln—t’)logﬂﬂ-‘

s = [n—>5logyn].
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Here are some relationships that hold for all sufficiently large n:

E < 1+3logyn
2k < o2n?
oF > n?
s < 14 (n—>5logyn)
2n+1
S
27 < Y
2n3
p <
14+n—>5logyn
ps S 2k+1
< 4n3
logogp < 14 2logyn.

For the size complexity of the constructed circuit, we obtain

¢(n7 k., p, S) _ (2k: + k‘21+k/2> + (2n—k + n21+(n—k)/2) Jrp2ss +p2n—k +p2$+1
2n  p2ltn/2
3 3/2 2 4=
< (271 +2(1 4 3logy n)n ) + <n3 + 372
4n32n+l 2n32" 2n32n+2
nd +n?’(l+n—510g2n) +n5(1+n—510g2n)
<

nl/2

on 2n+1 2n+3
o=
* <n2>+1+n—510g2n+n2(1+n—5log2n)

2n+1 on
+0 (-) ,
1+ n—>5logyn n2

where, as usual, O(f(n)) indicates a function of n that grows no faster than f(n) as n — oo
(see Section 1.2.8).
For the depth complexity of the constructed circuit, we obtain

on 2n/2
On®) + 0(n3?logyn) + 3 +0 (—)

d(n,k,p,s) = T+ s+ 2logyn+logyp

74+ (14+n—>5loggn) + 2logyn + (1 + 2logy n)
n+9—logyn

n+ O(logy n).
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