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!The exam questions accompany the basic probability material in the chapters 7-14 of
my textbook Understanding Probability, third edition, Cambridge University Press, 2012.
The simulation-based chapters 1-6 of the book present many probability applications from
everyday life to help the beginning student develop a feel for probabilities. Moreover, the
book gives an introduction to discrete-time Markov chains and continuous-time Markov
chains in the chapters 15 and 16.



Chapter 7

7TE-1 A bridge hand in which there is no card higher than a nine is called a
Yarborough. Specify an appropriate sample space and determine the prob-
ability of Yarborough when you are randomly dealt 13 cards out of a well-

shuffled deck of 52 cards.

TE-2 Five dots are placed at random on a 8 x 8 grid in such a way that no
cell contains more than one dot. Specify an appropriate sample space and
determine the probability that no row or column contains more than one dot.

TE-3 Five people are sitting at a table in a restaurant. Two of them order
coffee and the other three order tea. The waiter forgot who ordered what and
puts the drinks in a random order for the five persons. Specify an appropriate
sample space and determine the probability that each person gets the correct
drink

TE-4 A parking lot has 10 parking spaces arranged in a row. There are 7
cars parked. Assume that each car owner has picked at a random a parking
place among the spaces available. Specify an appropriate sample space and
determine the probability that the three empty places are adjacent to each
other.

TE-5 Somebody is looking for a top-floor apartment. She hears about two
vacant apartments in a building with 7 floors en 8 apartments per floor.
What is the probability that there is a vacant apartment on the top floor?

7E-6 You choose at random two cards from a standard deck of 52 cards.
What is the probability of getting a ten and hearts?

TE-7 A box contains 7 apples and 5 oranges. The pieces of fruit are taken
out of the box, one at a time and in a random order. What is the probability
that the bowl will be empty after the last apple is taken from the box?

TE-8 A group of five people simultaneously enter an elevator at the ground
floor. There are 10 upper floors. The persons choose their exit floors inde-
pendently of each other. Specify an appropriate sample space and determine
the probability that they are all going to different floors when each person
randomly chooses one of the 10 floors as the exit floor. How does the answer
change when each person chooses with probability % the 10th floor as the
exit floor and the other floors remain equally likely as the exit floor with a
probability of % each.

TE-9 Three friends and seven other people are randomly seated in a row.
Specify an appropriate sample space to answer the following two questions.
(a) What is the probability that the three friends will sit next to each other?
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(b) What is the probability that exactly two of the three friends will sit next
to each other?

7E-10 You and two of your friends are in a group of 10 people. The group is
randomly split up into two groups of 5 people each. Specify an appropriate
sample space and determine the probability that you and your two friends
are in the same group.

TE-11 You are dealt a hand of four cards from a well-shuffled deck of 52
cards. Specify an appropriate sample space and determine the probability
that you receive the four cards J, Q, K, A in any order, with suit irrelevant.

TE-12 You draw at random five cards from a standard deck of 52 cards.
What is the probability that there is an ace among the five cards and a king
or queen?

TE-13 Three balls are randomly dropped into three boxes, where any ball is
equally likely to fall into each box. Specify an appropriate sample space and
determine the probability that exactly one box will be empty.

7TE-14 An electronic system has four components labeled as 1, 2, 3, and 4.
The system has to be used during a given time period. The probability
that component ¢ will fail during that time period is f; for ¢ = 1,...,4.
Failures of the components are physically independent of each other. A
system failure occurs if component 1 fails or if at least two of the other
components fail. Specify an appropriate sample space and determine the
probability of a system failure.

7E-15 The Manhattan distance of a point (z,y) in the plane to the origin
(0,0) is defined as |z| + |y|. You choose at random a point in the unit square
{(z,y) : 0 < z,y < 1}. What is the probability that the Manhattan distance
of this point to the point (0,0) is no more than a for 0 < a < 27

7E-16 You choose at random a point inside a rectangle whose sides have the
lengths 2 and 3. What is the probability that the distance of the point to the
closest side of the rectangle is no more than a given value a with 0 < a < 17

TE-17 Pete tosses n + 1 fair coins and John tosses n fair coins. What is the
probability that Pete gets more heads than John? Answer this question first
for the cases n = 1 and n = 2 before solving the general case.

7E-18 Bill and Mark take turns picking a ball at random from a bag con-
taining four red balls and seven white balls. The balls are drawn out of the
bag without replacement and Mark is the first person to start. What is the
probability that Bill is the first person to pick a red ball?



7E-19 Three desperados A, B and C play Russian roulette in which they take
turns pulling the trigger of a six-cylinder revolver loaded with one bullet.
Each time the magazine is spun to randomly select a new cylinder to fire as
long the deadly shot has not fallen. The desperados shoot according to the
order A, B,C, A, B,C,.... Determine for each of the three desperados the
probability that this desperado will be the one to shoot himself dead.

TE-20 A fair coin is tossed 20 times. The probability of getting the three
or more heads in a row is 0.7870 and the probability of getting three or
more heads in a row or three or more tails in a row is 0.9791.2 What is the
probability of getting three or more heads in a row and three or more tails
in a row?

TE-21 The probability that a visit to a particular car dealer results in neither
buying a second-hand car nor a Japanese car is 55%. Of those coming to the
dealer, 25% buy a second-hand car and 30% buy a Japanese car. What is
the probability that a visit leads to buying a second-hand Japanese car?

TE-22 A fair die is repeatedly rolled and accumulating counts of 1s, 2s, ...,
6s are recorded. What is an upper bound for the probability that the six
accumulating counts will ever be equal?

TE-23 A fair die is rolled six times. What is the probability that the largest
number rolled is r for r =1,...,67

7TE-24 Mr. Fermat and Mr. Pascal are playing a game of chance in a cafe
in Paris. The first to win a total of ten games is the overall winner. Each
of the two players has the same probability of % to win any given game.
Suddenly the competition is interrupted and must be ended. This happens
at a moment that Fermat has won a games and Pascal has won b games with
a < 10 and b < 10. What is the probability that Fermat would have been
the overall winner when the competition would not have been interrupted?
Hint: imagine that another 10 —a+10—b—1 games would have been played.

7E-25 A random number is repeatedly drawn from 1,2,...,10. What is the
probability that not all of the numbers 1,2,...,10 show up in 50 drawings?

7TE-26 Three couples attend a dinner. Each of the six people chooses ran-
domly a seat at a round table. What is the probability that no couple sits
together?

TE-27 You roll a fair die six times. What is the probability that three of the
six possible outcomes do not show up and each of the other three possible

2These probabilities can be computed by using an absorbing Markov chain discussed
in Chapter 15 of the book.



outcomes shows up two times? What is the probability that some outcome
shows up at least three times?

TE-28 In a group of n boys and n girls, each boy chooses at random a girl
and each girl chooses at random a boy. The choices of the boys and girls are
independent of each other. If a boy and a girl have chosen each other, they
form a couple. What is the probability that no couple will be formed?

TE-29 Twelve married couples participate in a tournament. The group of
24 people is randomly split into eight teams of three people each, where all
possible splits are equally likely. What is the probability that none of the
teams has a married couple?

7TE-30 An airport bus deposits 25 passengers at 7 stops. Each passenger
is as likely to get off at any stop as at any other, and the passengers act
independently of one another. The bus makes a stop only if someone wants
to get off. What is the probability that somebody gets off at each stop?

7TE-31 Consider a communication network with four nodes ny, no, n3 and ny
and five directed links Iy = (ny,n2), lo = (n1,n3), I3 = (ng, n3), ly = (ng, na),
ls = (ng,ny) and lg = (n3,n4). A message has to be sent from the source
node n; to the destination node ny. The network is unreliable. The proba-
bility that the link [; is functioning is p; for ¢ = 1,...,5. The links behave
physically independent of each other. A path from node n; to node n4 is only
functioning if each of its links is functioning. Use the inclusion-exclusion for-
mula to find the probability that there is some functioning path from node
ny to node ny. How does the expression for this probability simplify when
p; = p for all 47

Chapter 8

8E-1 Three fair dice are rolled. What is the probability that the sum of the
three outcomes is 10 given that the three dice show different outcomes?

8E-2 A bag contains four balls. One is blue, one is white and two are red.
Someone draws together two balls at random from the bag. He looks at the
balls and tells you that there is a red ball among the two balls drawn out.
What is the probability the the other ball drawn out is also red?

8E-3 A fair coin is tossed n times. What is the probability of heads on the
first toss given that r heads were obtained in the n tosses?

8E-4 A hand of 13 cards is dealt from a standard deck of 52 cards. What is the
probability that it contains more aces than tens? How does this probability
change when you have the information that the hand contains at least one
ace?



8E-5 In a high school class, 35% of the students take Spanish as a foreign
language, 15% take French as a foreign language, and 40% take at least one
of these languages. What is the probability that a randomly chosen student
takes French given that the student takes Spanish?

8E-6 Let A and B be independent events. Denote by the events A° and B¢
the complements of the events A and B. Verify that the events A and B¢
are independent. Conclude directly from this result that the events A¢ and
B¢ are also independent.

8E-7 Fifty different numbers are arranged in a matrix with 5 rows and 10
columns. You pick at random one number from the matrix. Let A be the
event that the number comes from an odd-numbered row and B be the event
that the number comes from the first five columns. Are the events A and B
independent?

8E-8 Consider again the Problems 7E-3, 7TE-5, 7TE-10 and 7E-11. Use condi-
tional probabilities to solve these problems.

8E-9 A bowl contains four red and four blue balls. As part of drawing lots,
you choose four times two balls at random from the bowl without replace-
ment. What is the probability that one one red and one blue ball are chosen
each time?

8E-10 There are three English teams among the eight teams that have reached
the quarter-finals of the Champions League soccer. What is the probability
that the three English teams will avoid each other in the draw if the teams
are paired randomly?

8E-11 A jar contains three white balls and two black balls. Each time you
pick at random one ball from the jar. If it is a white ball, a black ball is
inserted instead; otherwise, a white ball is inserted instead. You continue
until all balls in the jar are black. What is the the probability that you need
no more than five picks to achieve this?

8E-12 You are among N players that will play a competition. A lottery is
used to determine the placement of each player. You have an advantage.
Two tickets with your name are put in a hat, while for each of the other
players only one ticket with her/his name is put in the hat. The hat is well
shaken and tickets are drawn one by one from the hat. The order of names
appearing determines the placement of each player. What is the probability
that you will get assigned the nth placement forn =1,2,..., N?

8E-13 Twenty-five people choose each at random a number from 1,2, ..., 100,
independently of each other. Next the chosen numbers are announced one
by one. The first person (if any) who announces a number that has been
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announced before wins a bonus. Which person has the largest probability to
win the bonus?

8E-14 In a poker game with three players A, B and C, the dealer is chosen
by the following procedure. In the order A, B, C, A, B, C, ..., a card from
a well-shuffled deck is dealt to each player until someone gets an ace. This
first player receiving an ace gets to start the game as dealer. Do you think
that everyone has an equal chance to become dealer?

8E-15 A drunkard removes two randomly chosen letters of the message HAPPY
HOUR that is attached on a billboard in a pub. His drunk friend puts the
two letters back in a random order. What is the probability that HAPPY
HOUR appears again?

8E-16 A professor gives only two types of exams, “easy”’and “ hard”. You
will get a hard exam with probability 0.80. The probability that the first
question on the exam will be marked as difficult is 0.90 if the exam is hard
and is 0.15 otherwise. What is the probability that the first question on your
exam is marked as difficult. What is the probability that your exam is hard
given that the first question on the exam is marked as difficult?

8E-17 Bill and Mark play a series of games until one of the players has
won two games more than the other player. Any game is won by Bill with
probability p and by Mark with probability ¢ = 1 — p. The results of the
games are independent of each other. What is the probability that Bill will
be the winner of the match?

8E-18 Somebody puts eight balls into a bowl. The balls have been colored
independently of each other and each ball has been colored red or white with
equal probabilities. This all happens unseen to you. Then you see that two
red balls are added to bowl. Next five balls ball are taken at random from
the bowl and are shown to you. All these five balls are white. What is the
probability that all the other five balls in the bowl are red?

8E-19 Your friend has chosen at random a card from a standard deck of 52
cards but keeps this card concealed. You have to guess what card it is. Before
doing so, you can ask your friend either the question whether the chosen card
is red or the question whether the card is the ace of spades. Your friend will
answer truthfully. What question would you ask?

8E-20 Player 1 tosses N + 1 times a fair coin and player 2 tosses N times a
fair coin. Player 1 wins the game if player 1 tosses more heads than player
2; otherwise, player 2 wins.

(a) What is the probability of a tie after N tosses?

(b) What is the probability that player 1 will win the game?



8E-21 A jar contains five blue balls and five red balls. You roll a fair die
once. Next you randomly draw (without replacement) as many balls from
the jar as the number of points you have rolled with the die.

(a) What is the probability that all of the balls drawn are blue?

(b) What is the probability that the number of points shown by the die is r
given that all of the balls drawn are blue?

8E-22 A tennis tournament is arranged for 8 players. It is organized as a
knockout tournament. First, the 8 players are randomly allocated over four
groups of two players each. In the semi-finals the winners of the groups 1
and 2 meet each other and the winners of the groups 3 and 4. In any match
either player has a probability 0.5 of winning. John and Pete are among the 8
players. What is the probability that they meet each other in the semi-finals?
What is the probability that they meet each other in the final?

8E-23 Consider again Problem 7E-24. Show how this problem can be solved
by a recursive approach.

8E-24 A biased coin is tossed repeatedly. The probability that a toss of the
coin results in heads is p with 0 < p < 1.

(a) Give a recursion for the probability that the total number of heads after
n tosses is even.

(b) Give a recursion for the probability that a sequence of n tosses does not
show five or more consecutive heads.

8E-25 A lottery organization distributes one million tickets every week. At
one end of the ticket, there is a visible printed number consisting of six
digits, say 070469. At the other end of the ticket, another six-digit number
is printed, but this number is hidden by a layer of scratch-away silver paint.
The ticket holder scratches the paint away to reveal the underlying number.
If the number is the same as the number at the other end of the ticket, it
is a winning ticket. The two six-digit numbers on each of the one million
tickets printed each week are randomly generated in such a way that no
two tickets are printed with the same visible numbers or the same hidden
numbers. Assume that in a particular week only one half of the tickets
printed are sold. What is the probability of exactly r winners in that week
forr=0,1,...7

8E-26 In a binary transmission channel, a 1 is transmitted with probability
0.8 and a 0 with probability 0.2. The conditional probability of receiving a
1 given that a 1 was sent is 0.95, the conditional probability of receiving a 0
when a 0 was sent is 0.99. What is the probability that a 1 was sent when
receiving a 1?7 Use Bayes’ formula in odds form to answer this question.



8E-27 On the island of liars each inhabitant lies with probability % You
overhear an inhabitant making a statement. Next you ask another inhabitant
whether the inhabitant you overheard spoke truthfully. Use Bayes’ rule in
odds form to find the probability that the inhabitant you overheard indeed
spoke truthfully given that the other inhabitant says so.

8E-28 An oil explorer performs a seismic test to determine whether oil is
likely to be found in a certain area. The probability that the test indicates
the presence of oil is 90% if oil is indeed present in the test area and the
probability of a false positive is 15% if no oil is present in the test area.
Before the test is done, the explorer believes that the probability of presence
of oil in the test area is 40%. Use Bayes’ rule in odds form to revise the
value of the probability of oil being present in the test area given that the
test gives a positive signal.

8E-29 An isolated island is ruled by a dictator. Every family on the island
has two children. Each child is equally likely a boy or a girl. The dictator has
decreed that each first girl (if any) born to the family must bear the name
Mary Ann (the name of the beloved mother-in-law of the dictator). Two
siblings never have the same name. You are told that a randomly chosen
family that is unknown to you has a girl named Mary Ann. What is the
probability that this family has two girls?

The dictator has passed away. His son, a womanizer, has changed the
rules. For each first girl born to the family a name must be chosen at random
from 10 specific names including the name Mary Ann, while for each second
girl born to the family a name must be randomly chosen from the remaining
9 names. What is now the probability that a randomly chosen family has two
girls when you are told that this family has a girl named Mary Ann? Can
you intuitively explain why this probability is not the same as the previous
probability?

8E-30 A family is chosen at random from all three-child families. What is
the probability that the chosen family has one boy and two girls if the family
has a boy among the three children? Use Bayes’ rule in odds form to answer
this question.

8-31 (a) A box contains 10,000 coins. One of the coins has heads on both
sides but all the other coins are fair coins. You choose at random one of the
coins. Use Bayes’ rule in odds form to find the probability that you have
chosen the two-headed coin given that the first 15 tosses all have resulted in
heads. What is the answer when you would have obtained 25 heads in a row
in the first 25 tosses?

(b) A box contains 7 + 1 coins @ = 0,1,...,7. Coin ¢ lands heads with



probability % fori =0,1,...,r. You choose at random one of the coins. Use
Bayes’ rule in odds form to find the probability that you have chosen coin s
given that each of the first n tosses has resulted in heads.

8E-32 Your friend has generated two random numbers from 1, ..., 10, inde-
pendently of each other. Use Bayes’ rule in odds form to answer the following
two questions.

(a) What is the probability that both numbers are even given the information
that there is an even number among the two numbers?

(b) What is the probability that both numbers are even given the information
that the number 2 is among the two numbers?

8E-33 Your friend has fabricated a loaded die. In doing so, he has first
simulated a number at random from 0.1, 0.2, 0.3, and 0.4. He tells you that
the die is loaded in such a way that any roll of the die results in the outcome
6 with a probability which is equal to the simulated number. Next the die is
rolled 300 times and you are informed that the outcome 6 has appeared 75
times. What is the posterior distribution of the probability that a single roll
of the die gives a 67

8E-34 Your friend is a basketball player. To find out how good he is in free
throws, you ask him to shoot 10 throws. You assume the three possible values
0.25, 0.50 and 0.75 for the success probability of the free shots of your friend.
Before the 10 throws are shot, you believe that these three values have the
respective probabilities 0.2, 0.6 and 0.2. What is the posterior distribution
of the success probability given that your friend scores 7 times out of the 10
throws?

Chapter 9

9E-1 Five men and five women are ranked according to their scores on an
exam. Assume that no two scores are the same and all possible rankings are
equally likely. Let the random variable X be the highest ranking achieved
by a women. What is the probability mass function of X7

9E-2 Accidentally, two depleted batteries got into a set of five batteries. To
remove the two depleted batteries, the batteries are tested one by one in a
random order. Let the random variable X denote the number of batteries
that must be tested to find the two depleted batteries. What is the proba-
bility mass function of X7

9E-3 You roll a fair dice twice. Let the random variable X be the product of
the outcomes of the two rolls. What is the probability mass function of X?
What are the expected value and the standard deviation of X7
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9E-4 In a lottery a four-digit number is chosen at random from the range
0000 — 9999. A lottery ticket costs $2. You win $50 if your ticket matches
the last two digits but not the last three, $500 if your ticket matches the last
three digits but not all four, and $5,000 if your ticket matches all four digits.
What is the expected payoff on a lottery ticket? What is the house edge of
the lottery?

9E-5 The following dice game is offered to you. You may simultaneously roll
one red die and three blue dice. The stake is $1. If none of the blue dice
matches the red die, you lose your stake; otherwise, you get anyway paid
k + 1 dollars if exactly k of the blue dice match the red die. In the case that
exactly one blue die matches the red die, you get paid an additional $0.50 if
the other two blue dice match. What is the expected payoff of the game?

9E-6 The following game is offered. There are 10 cards face-down numbered
1 through 10. You can pick one card. Your payoff is $0.50 if the number on
the card is less than 5 and is the dollar value on the card otherwise. What
are the expected value and the standard deviation of your payoff?

9E-7 A fair die is rolled six times. What are the expected value and the
standard deviation of the smallest number rolled?

9E-8 Eleven closed boxes are put in random order in front of you. One of
these boxes contains a devil’s penny and the other ten boxes contain given
dollar amounts aq,...,a;p. You may open as many boxes as you wish, but
they must be opened one by one. You can keep the money from the boxes
you have opened as long as you have not opened the box with the devil’s
penny. Once you open this box, the game is over and you lose all the money
gathered so far. What is a good stopping rule to maximize the expected
value of your gain?

9E-9 You play a sequence of s games, where s > 2 is fixed. The outcomes of
the various games are independent of each other. The probability that you
will win the kth game is % for k =1,2,...,s. You get one dollar each time
you win two games in a row. What is the expected value of the total amount

you will get?

9E-10 You toss a biased coin with probability p of heads, while your friend
tosses at the same time a fair coin. What is the probability distribution of the
number of tosses until both coins simultaneously show the same outcome?

9E-11 You distribute randomly 25 apples over 10 boxes. What is the expected
value of the number of boxes that will contain exactly k apples for £ =
0,1,...,257
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9E-12 You have a thoroughly shuffled deck of 52 cards. Each time you choose
one card from the deck. The drawn card is put back in the deck and all
52 cards are again thoroughly shuffled. You continue this procedure until
you have seen all four different aces. What are the expected value and the
standard deviation of the number of times you have to draw a card until you
have seen all four different aces?

9E-13 A group of m people simultaneously enter an elevator at the ground
floor. Each person randomly chooses one of the r floors 1,2, ..., r as the exit
floor, where the choices of the persons are independent of each other. The
elevator only stops on a floor if at least one person wants to exit on that floor.
No other people enter the elevator at any of the floors 1,2,...,r. What are
the expected value and the standard deviation of the number of stops the
elevator will make?

9E-14 (a) An integer is repeatedly drawn at random from 1,2,...,10. What
are the expected value and the standard deviation of the number of integers
from 1,2,...,10 that do not show up in 20 drawings?

(b) In each drawing of the Lotto 6/45 six different integers are randomly
chosen from 1,2,...,45. What are the expected value and the standard
deviation of the number of integers from 1,2, ...,45 that do not show up in
15 drawings?

9E-15 Take a random permutation of the integers 1,2, ..., n. Let us say that
the integers ¢ and j with ¢ # j are switched if the integer i occupies the jth
position in the random permutation and the integer j the ith position. What
is the expected value of the total number of switches?

9E-16 Twelve married couples participate in a tournament. The group of
24 people is randomly split into eight teams of three people each, where all
possible splits are equally likely. What is the expected value of the number
of teams with a married couple?

9E-17 Suppose you know that the hands of you and your bridge partner
contain eight of the 13 spades in the deck. What is the probability of 3-2
split of the remaining five spades in the bridge hands of your opponents?

9E-18 You choose at random an integer from 1,2,...,6. Next you roll a fair
die until you get an outcome that is larger than or equal to the randomly
chosen integer. What is the probability mass function of the number of times
you will roll the die? What are the expected value and the standard deviation
of the number of times you will roll the die?

9E-19 You have two coins. One coin is fair and the other is biased with
probability p of heads. The first toss is done with the fair coin. At the
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subsequent tosses the fair coin is used if the previous toss resulted in heads
and the biased coin is used otherwise. What is the expected value of the
number of heads in r tosses for r =1,2,...7

9E-20 A bag contains R red balls and W white balls. Each time you take
one ball out of the bag at random and without replacement. You stop as
soon as all red balls have been taken out of the bag. What is the expected
number of white balls remaining in the bag when you stop?

9E-21 Let the random variable X be defined by X = Y Z, where Y and Z
are independent random variables each taking on the values -1 and 1 with
probabilities 0.5. Verify that X is independent of both Y and Z, but not of
Y +Z.

9E-22 Let X and Y be independent random variables, where X is binomially
distributed with parameters n and p and Y is binomially distributed with
parameters m and p.

(a) Explain in terms of Bernoulli experiments that X + Y is binomially
distributed with parameters n + m and p. Next give a formal proof.

(b) Verify that for fixed k the probabilities P(X = j | X +Y = k) for
J =0,..., k constitute a hypergeometric distribution.

9E-23 A radioactive source emits particles toward a Geiger counter. The
number of particles that are emitted in a given time interval is Poisson
distributed with expected value A\. An emitted particle is recorded by the
counter with probability p, independently of the other particles. Let the ran-
dom variable X be the number of recorded particles in the given time interval
and Y be the number of unrecorded particles in the time interval. What are
the probability mass functions of X and Y7 Are X and Y independent?

9E-24 (a) The random variable X is Poisson distributed with expected value
A. Verify that E[Ag(X + 1) — Xg(X)] = 0 for any bounded function g(x) on
the integers 0,1, . ...

(b) Let X be a random variable on the integers 0,1,... and A > 0 a given
number. Prove that X has a Poisson distribution with expected value X if
EMg(X +1) — Xg(X)] = 0 for any bounded function g(z) on the integers
0,1,.... Hint: take the function g(x) defined by g(r) = 1 and g(x) = 0 for
x # r with r a fixed nonnegative integer.

9E-25 You first roll a fair die once. Next you roll the die as many times
as the outcome of this first roll. Let the random variable X be the total
number of sixes in all the rolls of the die, including the first roll. What is
the probability mass function of X7

9E-26 The following game is played in a particular carnival tent. You pay one
dollar to draw blindly three balls from a box without replacement. The box
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contains 10 balls and four of those balls are gold-colored. You get back your
original one-dollar stake if you draw exactly two gold-colored balls, while
you win 10 dollars and get back your original one-dollar stake if you draw
three gold-colored balls; otherwise, you get nothing back. What is the house
advantage for the game?

9E-27 In a close election between two candidates A and B in a small town
the winning margin of candidate A is 1,422 to 1,405 votes. However, 101
votes are illegal and have to be thrown out. Assuming that the illegal votes
are not biased in any particular way and the count is otherwise reliable, what
is the probability the removal of the illegal votes changes the result of the
election?

9E-28 A bowl contains n red balls and m white balls. You randomly pick
without replacement one ball at a time until you have r red balls. What is
the probability that you need k£ draws?

9E-29 You and your friend both draw a random number from 1,2,...,10 at
the same time and independently of each other. This procedure is repeated
until you have drawn one of the four numbers 1,...,4 or your friend has
drawn one of the six numbers 5,...,10. The first player to get one of his
marked numbers is the winner with the convention that you are the winner
if a tie occurs. What is your probability of winning the game? What is the
probability mass function of the length of the game?3

9E-30 The G-50 airplane is at the end of its lifetime. The remaining opera-
tional lifetime of the plane and is 3, 4 or 5 years each with probability % A
decision must be made how many spare parts of a certain component to pro-
duce. The demand for spare parts of the component is Poisson distributed
with an expected value of X units per year for each year of the remaining
lifetime of the plane, where the demands in the various years are independent
of each other. It is decided to produce @) units of the spare part. What is the
probability that the production size will not be enough to cover the demand?
What is the expected value of the shortage? What is the expected value of
the number of units left over at the end of the operational lifetime of the
plane?

9E-31 You have bought 10 young beech trees. They come from a garden
center and were randomly chosen from a collection of 100 trees consisting of
50 trees from tree-nurseryman A and 50 trees from tree-nurseryman B. Ten
percent of the trees from tree-nurseryman A and five percent of the trees

3This problem is based on D. Neal and F. Polivka, A geometric gambling game, The
Mathematical Spectrum, Vol. 43 (2010), p. 20-25.
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from tree-nurseryman B do not know grow well. What is the probability
that no more than one of your ten trees will not grow well?

9E-32 In the lotto 6/49 six different numbers are drawn at random from
1,2,...,49. What is the probability that the next drawing will have no
numbers common with the last two two drawings?

9E-33 Bill and Matt choose each five different numbers at random from the
numbers 1,2, ...,100. What is the expected number of common numbers in
their choices? What is the probability that the choices of Bill and Matt have
a number in common?

9E-34 You are offered the following game. You can repeatedly pick at random
an integer from 1,...,25. Each pick costs you one dollar. If you decide to
stop, you get paid the dollar amount of your last pick. What strategy should
you use to maximize your expected net payoff?

Chapter 10

10E-1 The density function of the continuous random variable X is given
by f(x) = ¢(x + /x) for 0 < z < 1 and f(x) = 0 otherwise. What is the
constant ¢? What is probability density of %?

10E-2 The radius of a circle is uniformly distributed on (0,1). What is the
probability density of the area of the circle?

10E-3 You choose at random a point inside a rectangle whose sides have the
lengths 2 and 3. Let the random variable X be the distance from the point
to the closest side of the rectangle. What is the probability density of X7
What are the expected value and the standard deviation of X7

10E-4 Liquid waste produced by a factory is removed once a week. The
weekly volume of waste in thousands of gallons is a continuous random vari-
able with probability density function fz) = 105z*(1—x)? for 0 < z < 1 and
f(x) = 0 otherwise. How to choose the capacity of a storage tank so that
the probability of overflow during a given week is no more than 5%?

10E-5 Consider again Problem 10E-4. Assume that the storage tank has
a capacity of 0.9 expressed in thousands of gallons. The cost of removing
x > 0 units of waste at the end of the week is 1.25 4+ 0.5z. Additional costs
5 4 10z are incurred when the capacity of the storage tank is not sufficient
and an overflow of z > 0 units of waste occurs during the week. What are
the expected value and the standard deviation of the weekly costs?

10E-6 You have to make an one-time business decision how much stock to
order in order to meet a random demand during a single period. The demand
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is a continuous random variable X with a given probability density f(z).
Suppose you decide to order () units. What is the probability that the initial
stock @ will not be enough to meet the demand? What is the expected value
of the stock left over at the end of the period? What is the expected value
of demand that cannot be satisfied from stock?

10E-7 Let @ be a fixed point on the circumference of a circle with radius
r. Choose at random a point P on the circumference of the circle and let
the random variable X be the length of the line segment between P and Q).
What are the expected value and the standard deviation of X7

10E-8 An insurance policy for water damage pays an amount of damage up
to $450. The amount of damage is uniformly distributed between $250 and
$1,250. The amount of damage exceeding $450 is covered by a supplement
policy up to $500. Let the random variable Y be the amount of damage paid
by the supplement policy. What are the expected value and the probability
distribution function of Y7

10E-9 An expensive item is being insured against early failure. The lifetime
of the item is normally distributed with an expected value of seven years
and a standard deviation of two years. The insurance will pay a dollars if
the item fails during the first or second year and %a dollars if the item fails
during the third or fourth year. If a failure occurs after the fourth year, then
the insurance pays nothing. How to choose a such that the expected value
of the payment per insurance is $507

10E-10 Let © be a randomly chosen angle in (0, 7). The random variable Y
is defined as the y-coordinate of the point at which the ray through the origin
at angle © intersects the line x = 1 in the plane. What are the expected
value and the standard deviation of the area of the triangle with the corner
points (0,0), (1,0) and (1,Y)? What is the probability density of this area
of this triangle?

10E-11 A shot is fired at a very large circular target. The horizontal and
vertical coordinates of the point of impact are independent random variables
each having a standard normal density. Here the center of the target is taken
as the origin. What is the density function of the distance from the center
of the target to the point of impact? What are the expected value and the
mode of this distance?

10E-12 Let X and Y be independent random variables each having the stan-
dard normal distribution. Consider the circle centered at the origin and
passing through the point (X,Y). What is the probability density of the
area of the circle? What is the expected value of this area?
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10E-13 Let X,Y") be a randomly chosen point on the circumference of the unit
circle having (0,0) as center. What is the expected length of the line segment
between the points (X,Y) and (1,0) ? Hint: note that X is distributed as
cos(©), where © is uniformly distributed on (0, 27).

10E-14 Choosing at random a point in (0, 1) divides this interval into two
subintervals. What is the expected value of the subinterval covering a given
point s with 0 < s < 17

10E-15 A service station has a slow server (server 1) and a fast server (server
2). Upon arrival at the station, you are routed to server i with probability p;
for i = 1,2, where p; + po = 1. The service time at server ¢ is exponentially
distributed with parameter p; for ¢ = 1,2. What is the probability density
of your service time at the station?

10E-16 Use first principles to answer the following questions.

(a) The random variable X has a standard normal distribution. What is the
probability density of the random variable Y = X?2?

(b) The random variable X has a standard normal distribution. What is the
probability density of the random variable Y = /| X|?

10E-17 The random variable X has the probability density function f(x) =
8/a(l—z) for 0 <z <1and f(z) =0 otherwise. What is the probability
density function of the random variable ¥ = 2X + 17

10E-18 The random variable X has the Cauchy density f(x) = m for
—00 < x < 00. Use the transformation rule for random variables to find the

probability density of the random variable Y = %

10E-19 Let X be a continuous random variable with probability density func-
tion f(z). How would you define the conditional expected value of X given
that X < a? What is F(X | X < a) when X is exponentially distributed
with parameter \?

10E-20 You wish to cross a one-way traffic road on which cars drive at a
constant speed and pass according to independent interarrival times having
an exponential distribution with an expected value of 1/X seconds. You can
only cross the road when no car has come round the corner since ¢ time
seconds. What is the probability distribution of the number of passing cars
before you can cross the road when you arrive at an arbitrary moment? What
property of the exponential distribution do you use?

10E-21 The amount of time needed to wash a car at a car washing station is
exponentially distributed with an expected value of 15 minutes. You arrive
at a car washing station, while the washing station is occupied and one other
car is waiting for a washing. The owner of this car informs you that the car in
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the washing station is already there for 10 minutes. What is the probability
that the car in the washing station will need no more than five other minutes?
What is the probability that you have to wait more than 20 minutes before
your car can be washed?

10E-22 You simulate a random observation from an exponentially distributed
random variable X with expected value 1. What is the probability that the
closest integer to the random observation is odd? What is this probability
if the random observation is larger than a given even integer r? Can you
explain why the two probabilities are the same?

10E-23 A crucial component of a reliability system operates in a good state
during an exponentially distributed time with expected value 1/u. After
leaving the good state, the component enters a bad state. The system can
still function properly in the bad state during a fixed time a > 0, but a failure
of the system occurs after this time. The component is inspected every T
time units, where 7" > a. It is replaced by a new one when the inspection
reveals that the component is not in the good state. What is the probability
the replacement of a particular component is because of a system failure?
What is the expected time between two replacements?

10E-24 In a video game with a time slot of fixed length T, signals are gen-
erated according to a Poisson process with rate A\, where 7" > % During the
time slot you can push a button only once. You win if at least one signal
occurs in the time slot and you push the button at the occurrence of the last
signal. Your strategy is to let pass a fixed time s with 0 < s < T and push
the button upon the first occurrence of a signal (if any) after time s. What
is your probability of winning the game? What value of s maximizes this
probability?

10E-25 Cars pass through an out-of-the way village according to a Poisson
process. The probability of one or more cars passing through the village
during one hour is 0.64. What is the probability of a car passing through the
village during the next half hour?

10E-26 Two instruments are used to measure the unknown length of a beam.
If the true length of the beam is [, the measurement error made by the
first instrument is normally distributed with mean 0 and standard devia-
tion 0.006/ and the the measurement error made by the first instrument is
normally distributed with mean 0 and standard deviation 0.004{. The two
measurement errors are independent of each other. What is the probability
that the average value of the two measurements is within 0.5% of the actual
length of the beam?
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10E-27 The lifetimes of two components in an electronic system are inde-
pendent random variables X; and X5, where X; has a normal distribution
with an expected value of p; time units and a standard deviation of o; time
units. What is the probability that the lifetimes of the two components
expire within a time units from each other?

10E-28 A space mission will take 150 days. A number of copies of a daily-use
appliance must be taken along. The amount of time the appliance can be
used is exponentially distributed with an expected value of two days. What
is the probability mass function of the number of copies of the appliance
to be used when an infinite supply would be available? Use the normal
approximation to find how many copies of the appliance should be stocked
so that the probability of a shortage during the mission is no more than 1073,
Compare the approximate result to the exact result.

10E-29 A new casino has just been opened. The casino owner makes the
following promotional offer to induce gamblers to play at his casino. People
who bet $10 on red get half their money back if they lose the bet, while they
get the usual payout of $20 if they win the bet. This offer applies only to the
first 2,500 bets. In the casino European roulette is played so that a bet on
red is lost with probability % and is won with probability %. Use the normal
distribution to approximate the probability that the casino owner will lose

more than 6,500 dollars on the promotional offer.

10E-30 Consider again Problem 10E-29. Assume now that the casino owner
makes an offer only to the most famous gambler in town. The casino owner
lends $1,000 to the gambler and proposes him to make 100 bets on red with
this starting capital. The gambler is allowed to stake any amount of his
bankroll at any bet. The gambler gets one fourth of the staked money back
if he loses the bet, while he gets double the staked money back if he wins
the bet. As reward, the gambler can keep to himself any amount in excess
of $1,000 when stopping after 100 bets. Suppose that the gambler decides
to stake each time a fixed percentage of 5% of his current bankroll. Use the
normal distribution to approximate the probability that the gambler takes
home more than d dollars for d = 0, 500, 1,000 and 2,500. Hint: consider
the logarithm of the size of the bankroll of the gambler.*

10E-31 A battery comes from supplier 1 with probability p; and from supplier
2 with probability ps, where p; + po = 1. A battery from supplier ¢ has an
exponentially distributed lifetime with expected value 1/y; for i = 1,2. The

4This problem is related to Kelly betting discussed in the Sections 2.7 and 5.9 of the
book.
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battery has already lasted s time units. What is the probability that the
battery will last for another ¢ time units?

10E-32 The failure rate function of the lifetime of a vacuum tube is r(z) =
(1€ MT 4 poe ™12 — (pug 4 prp ) e~ U tH2)e) [(emme emhar _ o=l tu2)e) for 1 > (),
where 0 < p1y < po. Verify that the function r(x) has a bathtub shape and
determine the corresponding probability distribution function.

Chapter 11

11E-1 (a) A fair coin is tossed three times. Let X be the number of heads
among the first two tosses and Y be the number of heads among the last two
tosses. What is the joint probability mass function of X and Y7 What is
E(XY)?

(b) You have two fair coins. The first coin is tossed five times. Let the
random variable X be the number of heads showing up in these five tosses.
The second coin is tossed X times. Let Y be the number of heads showing up
in the tosses of the second coin. What is the joint probability mass function

of X and Y? What is E(X +Y)?

11E-2 In the final of the World Series Baseball, two teams play a series
consisting of at most seven games until one of the two teams has won four
games. Two unevenly matched teams are pitted against each other and the
probability that the weaker team will win any given game is equal to 0.45.
Let X be equal to 1 if the stronger team is the overall winner and X be equal
to 0 otherwise. The random variable Y is defined as the number of games
the final will take. What is the joint probability mass function of X and Y?

11E-3 A standard deck of 52 cards is thoroughly shuffled and laid face-down.
You flip over the cards one by one. Let the random variable X; be the number
of cards flipped over until the first ace appears and X5 be the number of cards
flipped over until the second ace appears. What is the joint probability mass
function of X; and X,? What are the marginal distributions of X; and X57

11E-4 You roll a fair die once. Let the random variable N be the outcome of
this roll. Two persons toss each N fair coins, independently of each other.
Let X be the number of heads obtained by the first person and Y be the
number of heads obtained by the second person. What is the joint probability
mass function of X and Y'? What is the numerical value of P(X =Y)?

11E-5 You simultaneously roll d fair dice. Let the random variable X be
the outcome of the highest scoring die and Y be the outcome of the second-
highest scoring die with the convention that the second-highest score equals
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the highest score in the case that two or more dice yield the highest score.
What is the joint probability mass function of X and Y7

11E-6 The joint probability mass function of the lifetimes X and Y of two
connected components in a machine can be modeled by p(z,y) = x,(ey;fz), for
r=0,1,...andy=x,2+1,....

(a) What are the marginal distributions of X and Y7

(b) What is the joint probability mass function of X and Y — X? Are X and
Y — X independent?

(c) What is the correlation between X and Y7

11E-7 A fair coin is rolled six times. Let X be the number of times a 1
is rolled and Y be the number of times a 6 is rolled. What is the joint
probability mass function of X and Y? What is the correlation coefficient of
X and Y7

11E-8 The joint density function of the continuous random variables X and
Y is given by f(x,y) = cxy for 0 < y < 2 < 1 and f(z,y) = 0 otherwise.
What is the constant ¢? What are the marginal densities fx(x) and fy(y)?

11E-9 The joint density function of the random variables X and Y is given
by f(z,y) =z +yfor 0 <z,y <1and f(x, y) = 0 otherwise. Consider the
circle centered at the origin and passing through the point (X, Y). What is
the probability that the circumference of the circle is no more than 277

11E-10 A stick is broken into three pieces at two randomly chosen points on
the stick. What is the probability that no piece is longer than half the length
of the stick?

11E-11 There are two alternative routes for a ship passage. The sailing times

for the two routes are random variables X and Y that have the joint density
1

function f(x,y) = 1—106’5(%3*“) for 5 <x <10,y > 2 —3 and f(z,y) =0

otherwise. What is P(X < Y)?

11E-12 The joint density function of the random variables X and Y is given

by f(z,y) = xe ¥+ for x,y > 0 and f(x,y) = 0 otherwise. What is the

density function of the random variable XY?

11E-13 The joint density function of the random variables X and Y is given
by f(z,y) = $(z+y)e @ for 2,y > 0 and f(z,y) = 0 otherwise. What is
the density function of the random variable X + Y7

11E-14 The lifetimes X and Y of two components in a machine have the
joint density function f(z,y) = 1(2y+2—2)for 0 <2 <2,0<y <1 and
f(z,y) = 0 otherwise.
(a) What is the probability density of the time until neither of two compo-
nents is still working?
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(b) What is the probability distribution of the amount of time that the life-
time X survives the lifetime Y7

11E-15 An unreliable electronic system has two components hooked up in
parallel. The lifetimes X and Y of the two components have the joint density
function f(x,y) = e~ @) for x,y > 0. The system goes down when both
components have failed. The system is inspected every T time units. At
inspection any failed unit is replaced. What is the probability that the system
goes down between two inspections? What is the expected amount of time
the system is down between two inspections?

11E-16 An electronic device contains two circuits. The second circuit is a
backup for the first and is switched on only when the first circuit has failed.
The electronic device goes down when the second circuit fails. The continuous
random variables X and Y denote the lifetimes of the first circuit and the
second circuit and have the joint density function f(x,y) = 24/(z + y)*
for z,y > 1 and f(x,y) = 0 otherwise. What is the expected value of the
time until the electronic device goes down? What is the probability density
function of this time?

11E-17(a) The joint density function f(a,b) of the random variables A and
B is given by f(a,b) = a+bfor 0 < a,b < 1and f(a,b) =0 otherwise. What
is the probability that the equation Az? + Bx + 1 = 0 has two real roots?
(b) The joint density function f(a,b,c) of the random variables A, B, and
C is given by f(a,b,c) = 2(a+b+c¢) for 0 < a,b,c < 1 and f(a,b,c) =0
otherwise. What is the probability that the equation Ax? + Bx +C = 0 has
two real roots?

11E-18 Choose three random numbers X, X5 and X3 from (0, 1), indepen-
dently of each other. What is the probability P(X; > Xs + X3)? What is
the probability that the largest of the three random numbers is greater than
the sum of the other two?

11E-19 Let Xi, Xo,..., X, be independent random variables that are uni-
formly distributed on (0,1). What is P(X; + Xo 4+ --- + X,, < 1)? Answer
this question first for n = 2 and n = 3.

11E-20 The random variables X andY are independent and uniformly dis-
tributed on (0,1). Let V = X +Y and W = . What is the joint density of
V and W7 Are V and W independent?

11E-21 The random variables V and W are defined by V = Z% + Z2 and
W = Z? — Z2, where Z; and Z, are independent random variables each
having the standard normal distribution. What is the joint density function
of V and W? Are V and W independent?
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11E-22 The random variables X and Y are independent and exponentially
distributed with parameter u. Let V=X +Y and W = XLJFY What is the
joint density of V' and W? Prove that V' and W are independent.

11E-23 The continuous random variables X and Y have the joint density
function f(z,y) = cre 20+ for g, y > 0 and f(z, y) = 0 otherwise.
What is the constant ¢? What are the marginal densities of X and Y7 Show
that the random variables Yv/X and X are independent. Hint: Use the fact
that the gamma density A®x®1e=** /T'(a) integrates to 1 over (0, 0o) for any
A, > 0 and note that I'(1.5) = 3/7.

11E-24 The continuous random variables X and Y have the joint density
function f(x,y) =6(z —y) for 0 <y <z < 1 and f(x, y) = 0 otherwise.
Determine the correlation coefficient of X and Y.

11E-25 John and Pete are going to throw the discus in their very last turn at
a champion game. The distances thrown by John and Pete are independent
random variables D; and D, that are N(uy,07) and N(uo,03) distributed.
What the best linear prediction of the distance thrown by John given that
the difference between the distances of the throws of John and Pete is d?

Chapter 12

12E-1 Let Z; and Z; be independent random variables each having the
standard normal distribution. Define the random variables X and Y by
X =271+3Zy and Y = Z; + Z,. Argue that the joint distribution of (X,Y)
is a bivariate normal distribution. What are the parameters of this distribu-
tion?

12E-2 Let the random vector (X, Y) have the standard bivariate normal
distribution with correlation coefficient p = —0.5. What are the values of
a for which the random variables V= aX +Y and W = X + aY are
independent?

12E-3 Let the random vector (X, Y') have the standard bivariate normal dis-
tribution with correlation coefficient p with —1 < p < 1. Let Z be an N(0,1)
distributed random variable that is independent of the random variable X.
Verify that the random vector (X, pX + /1 — p?Z) has the same standard
bivariate normal distribution as (X, Y).

12E-4 Let the random vector (X, Y') have the standard bivariate normal
distribution with correlation coefficient p with —1 < p < 1. What are the
probabilities P(Y > X | X > 0) and P(Y/X < 1)?
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Month Observed Expected
Jan 60,179 61,419.5
Feb 54,551 55,475.7
Mar 59,965 61,419.5
Apr 57,196 59,438.2
May 59,444  61,419.5
Jun 59,459 59,438.2
Jul 62,166  61,419.5
Aug 60,598 61,419.5
Sep 62,986 59,438.2
Oct 64,542 61,419.5
Nov 60,745 59,438.2
Dec 61,334  61,419.5

12E-5 Let X = (Xy,...,X,) and Y = (Y1,...,Y,,) be independent ran-
dom vectors each having a multivariate normal distribution. Prove that the
random vector (X, Y) has also a multivariate normal distribution.

12E-6 In the table the column “Observed” gives the observed frequencies of
birth months for the children born in England and Wales in the year 2010.
The column “Expected” gives how many births could have been expected in
each month under the hypothesis that all birth dates are equally likely. Use
the chi-square test to make clear that the assumption of equally likely birth
dates is not satisfied in reality.®

12E-7 In a famous physics experiment performed by Rutherford, Chadwick
and Ellis in 1920, the number a-particles emitted by a piece of radioactive
material were counted during 2,608 time intervals of each 7.5 seconds. There
were 57 intervals with zero particles, 203 intervals with 1 particle, 383 in-
tervals with 2 particles, 525 intervals with 3 particles, 532 intervals with 4
particles, 408 intervals with 5 particles, 273 intervals with 6 particles, 139
intervals with 7 particles, 45 intervals with 8 particles, 27 intervals with 9
particles, 10 intervals with 10 particles, 4 intervals with 11 particles, 0 in-
tervals with 12 particles, 1 interval with 13 particles, and 1 interval with
14 particles. Use a chi-square test to investigate how closely the observed
frequencies conform to Poisson frequencies.

12E-8 Vacancies in the U.S. Supreme Court over the 78-years period 1933-

5For birthday problems it can be shown the probability of matching birthdays gets
larger when the assumption that each day of the year is equally likely as birthday is
dropped.
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2010 have the following history: 48 years with 0 vacancies, 23 years with 1
vacancy, 7 years with 2 vacancies, and 0 years with > 3 vacancies. Test the
hypothesis that the number of vacancies per year follows a Poisson distribu-
tion.

Chapter 13

13E-1 In the final of the World Series Baseball, two teams play a series
consisting of at most seven games until one of the two teams has won four
games. Two unevenly matched teams are pitted against each other and the
probability that the weaker team will win any given game is equal to 0.45.
What is the conditional probability mass function of the number of games
played in the final given that the weaker team has won the final?

13E-2 Let P(X =n,Y = k) = (Z) (%)k (%)nfk for k = 0,1,...,n and
n = 1,2,... be the joint probability mass function of the random variables
X and Y. What is the conditional distribution of Y given that X = n?

13E-3 A fair die is repeatedly rolled. Let the random variable X be the
number of rolls until the face value 1 appears and Y be the number of rolls
until the face value 6 appears. What are F(X |Y =2) and E(X | Y = 20)?

13E-4 The continuous random variables X and Y satisfy fy(y | #) = < for
0 <y<zand fy(y | x) =0 otherwise. The marginal density function of X
is given by fx(z) =2z for 0 < x < 1 and fx(z) = 0 otherwise. What is the
conditional density fx(z | y)? What is E(X | Y =y)?

13E-5 The random variables X and Y have the joint density function f(z, y) =
e Y for 0 <z <yand f(z, y) = 0 otherwise. Describe a method to simulate
a random observation from f(x, y).

13E-6 Consider again Problem 11E-16. What is the expected value of the
lifetime of the second circuit given that the first circuit has failed after s time
units? What is the probability that the second circuit will work more than
v time units given that the first circuit has failed after s time units?

13E-7 Eleven closed boxes are put in random order in front of you. One of
these boxes contains a devil’s penny and the other ten boxes contain given
dollar amounts ay, ..., a;p. You may mark as many boxes as you wish. The
marked boxes are opened. You win the money from these boxes if the box
with the devil’s penny is not among the opened boxes; otherwise, you win
nothing. How many boxes should you mark to maximize your expected
return?
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13E-8 (a) You first toss a fair coin five times. Next you toss the coin as many
times as the number of heads showing up in these five tosses. Let the random
variable X be the number of heads in all tosses of the coin, including the first
five tosses. Use conditional expectations to find the expected value of X.
(b) You first roll a fair die once. Next you roll the die as many times as the
outcome of this first roll. Let the random variable X be the total number
of sixes in all the rolls of the die, including the first roll. Use conditional
expectations to find the expected value of X.

13E-9 The random variables X and Y have a joint density function. The
random variable Y is positive with E(Y) = 1 and 0?(Y") = 2. The conditional

distribution of X given that Y = y is the uniform distribution on (1—y, 14+v)
for any y. What are E(X) and o%(X)?

13E-10 Let X; and X5 be independent random variables each having a ge-
ometric distribution with parameter p. What is the conditional probability
mass function of X; given that X; + Xy =17

13E-11 You draw at random a number p from the interval (0,1). Next you
toss n times a coin with probability p of heads. What is the probability mass
function of the number of times that heads will appear? Hint: Use the fact
that the beta integral fol 2" 1 (1—z)*"tdzisequal to (r—1)!(s—1)!/(r+s—1)!
for positive integers r and s.

13E-12 Let X; and X5 be independent random variables each having an ex-
ponential distribution with parameter ;. What is the conditional probability
density function of X; given that X; + Xy = s7

13E-13 Let © and R be independent random variables, where © is uniformly
distributed on (—m,7) and R is a positive random variable with density
function re~2"* for r > 0. Define the random variables V and W by V =
Rcos(©) and W = Rsin(©). What is the conditional density function of V'
given that W = w? What is E(V | W = w)?

13E-14 Let X4, X5, ... be independent random variables that are uniformly
distributed on (0, 1). The random variable N is defined as the smallest n > 2
for which X,, > X;. What is the probability mass function of N7

13E-15 Let X, Y and Z be independent random variables each having a Pois-
son distribution with expected value A. Use the law of conditional probability
to find the joint probability mass function of V=X +Y and W = X + 27

13E-16 Suppose N cars start in a random order along an infinitely long one-
lane highway. They are all going at different but constant speeds and cannot
pass each other. If a faster car ends up behind a slower car, it must slow
down to the speed of the slower car. Eventually the cars will clump up in
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traffic jams. Use a recursion to find the expected number of clumps of cars?
A clump is a group of one or more cars. Hint: consider the position of the
slowest car.

13E-17 Suppose that the random variables X and Y have a joint density
function f(z,y). Prove that cov(X,Y) = 0if E(X | Y = y) does not depend
on y.

13E-18 Let U; and U, be two independent random variables that are uni-
formly distributed on (0,1). How would you define the conditional densi-
ties of Uy and U given that Uy > Us? What are E(U; | Uy > Us,) and
E(UQ | U, > Ug)7

13E-19 Let X and Y be two independent random variables that have the same
exponential density function with expected value §. What are E(X | X >Y))
and E(Y | X >Y)?

13E-20 Suppose that the random variable B has the standard normal density.
What is the conditional probability density function of the sum of the two
roots of the quadratic equation 22 + 2Bx + 1 = 0 given that the two roots
are real?

13E-21 The transmission time of a message requires a geometrically dis-
tributed number of time slots, where the geometric distribution has param-
eter a with 0 < a < 1. In each time slot one new message arrives with
probability p and no message arrives with probability 1 —p. What are the
expected value and the standard deviation of the number of newly arriving
messages during the transmission time of a message?

13E-22 In a buffer there are a geometrically distributed number of messages
waiting to be transmitted over a communication channel, where the param-
eter p of the geometric distribution is known. Your message is one of the
waiting messages. The messages are transmitted one by one in a random
order. Let the random variable X be the number of messages that are trans-
mitted before your message. What are the expected value and the standard
deviation of X7

13E-23 The following game is offered in a particular carnival tent. The
carnival master has a red and a blue beaker each containing 10 balls numbered
as 1,...,10. He shakes the beakers thoroughly and picks at random one ball
from each beaker. Then he tells you the value r of the ball picked from
the red beaker and asks you to guess whether the unknown value b of the
ball picked from the blue beaker is larger than r or smaller than r. If you
guess correctly, you get b dollars. If » = b, you get %b dollars. If you are
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wrong about which is larger, you get nothing. You have to pay $4.50 for the
privilege of playing the game. Is this a fair game?¢

13E-24 A bin contains N strings. You randomly choose two loose ends and
tie them up. You continue until there are no more free ends. What is the
expected number of loops you get?

13E-25 (a) You sample a random observation of a Poisson distributed random
variable with expected value 1. The result of the random draw determines
the number of times you toss a fair coin. What is the probability distribution
of the number of heads you will obtain?

(b) You perform the following experiment. First you generate a random
number from (0,1). Then you simulate an integer by taking a random ob-
servation from a Poisson distribution whose expected value is given by the
random number you have generated. Let the random variable X be the in-
teger you will obtain from this experiment. What is the probability mass
function of X7

13E-26 You simulate a random observation from the random variable X
with the gamma density 2"~ '[(1 — p)/p]"e~1"P)*/? /T(r), where r and p are
given positive numbers. Then you generate an integer by taking a random
observation from a Poisson distribution whose expected value is given by the
number you have simulated from the gamma density. Let the random variable
N denote the generated integer. What is the probability mass function of
N?

13E-27 Let the random variable Z have the standard normal distribution.
Describe how to draw a random observation from | Z| by using the acceptance-
rejection method with the envelope density function g(x) = e~*? How do
you get a random observation from Z when you have simulated a random
observation from |Z|?

13E-28 Your friend has fabricated a loaded die. In doing so, he has first
simulated a number at random from the interval (0.1,0.4). He tells you that
the die is loaded in such a way that any roll of the die results in the outcome
6 with a probability which is equal to the simulated number. Next the die is
rolled 300 times and you are informed that the outcome 6 has appeared 75
times. What is the posterior density of the probability that a single roll of
the die gives a 67

13E-29 Your friend is a basketball player. To find out how good he is in free
throws, you ask him to shoot 10 throws. Your priority density fo(6) of the

6This problem is inspired by the Numberplay Blog of the New York Times, March 4,
2013.
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success probability of the free throws of your friend is a triangular density on
(0.25,0.75) with mode at 0.50. That is, fy(f) = 16(6 — 0.25) for 0.25 < 6§ <
0.50, fo(#) = 16(0.75—0) for 0.50 < 6§ < 0.75, and fy(#) = 0 otherwise. What
is the posterior density function f(6) of the success probability given that
your friend scores 7 times out of the 10 throws? What value of §# maximizes
the posterior density? Give a 95% Bayesian confidence interval for the success
probability 6.

13E-30 A job applicant will have an IQ test. The prior density of his IQ is
the N(po,02) density with po = 100 and oy = 15. If the true value of the
IQ of the job applicant is x, then the test will result in a score that has the
N(x,0?) distribution with oy = 7.5. The test results in a score of 123 points
for the job applicant. What is the posterior density f(6 | data) of the 1Q
of the job applicant? Give the value of § for which the posterior density is
maximal and give a 95% Bayesian confidence interval for 6.

Chapter 14

14E-1 Let Gx(z) be the generating function of the nonnegative, integer-
valued random variable X. Verify that P(X is even ) = 2(Gx(—1) +1).

14E-2 You first roll a fair die once. Next you roll the die as many times
as the outcome of this first roll. Let the random variable S be the sum of
the outcomes of all the rolls of the die, including the first roll. What is the
generating function of S7 What are the expected and standard deviation of
S7?

14E-3 You perform a sequence of independent Bernoulli trials with success
probability p. Let the random variable X be the number of trials needed
to obtain three successes in a row or three failures in a row. Determine the
generating function of X. Hint: let X; (X3) be the additional number of
trials to obtain three successes in a row or three failures in a row when the
first trial results in a success (failure).

14E-4 Suppose that the random variable X has the so-called logistic density
function f(z) = €*/(14€%)? for —oo < z < co. What is the interval on which
the moment-generating Mx(t) is defined? Use Mx(t) to find the expected
value and variance of X.

14E-5 Suppose that the moment-generating function My (t) of the continuous
random variable X has the property My (t) = e!Mx(—t) for all t. What is
E(X)? Do you think that this property determines the density of X7

14E-6 You do not know the probability distribution of a random variable X,
but you do know its mean g and standard deviation o. Use Chebyshev’s
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inequality to answer the following two questions.

(a) What is a value for k such that the random variable X falls in the interval
(1 — ko, + ko) with a probability of at least p?

(b) Prove that P(X > i+ a) < %= for any constant a > 0.

G,2Jr0'2
14E-7 (a) What is the moment-generating function of the random variable
X having the uniform distribution on the interval (—1,1)7

(b) Let X1, Xs,..., X, be independent random variables that are uniformly
distributed on the interval (—1,1). Verify the Chernoff bound P(+(X; +

Xo+ -+ X,) >c) < e 2" for ¢ > 0.

14E-8 Let X be a Poisson distributed random variable with expected value
A. Give a Chernoff bound for P(X > ¢) when ¢ > A.

14E-9 In a branching process with one ancestor, the number of offspring of
each individual has the shifted geometric distribution {p, = p(1 — p)k, k =
0,1,...} with parameter p € (0,1). What is the probability of extinction as
function of p?

14E-10 At a production facility orders arrive one at a time, where the in-
terarrival times of the orders are independent random variables each having
the same distribution with expected value p. A production is started only
when N orders have accumulated. The production time is negligible. A fixed
cost of K > 0 is incurred for each production setup and holding costs are
incurred at the rate of hj when j orders are waiting to be processed. Identify
a regenerative stochastic process and find the long-run average cost per unit
time as function of N. What value of N minimizes the long-run average cost
per unit time?”

14E-11 Messages arriving at a communication channel according to a Poisson
process with rate A are temporarily stored in a buffer with ample capacity.
The buffer is emptied every T time units, where T' > 0 is fixed. There is a
fixed cost of K > 0 for emptying the buffer. A holding cost at rate h > 0 per
unit time is incurred for each message in the buffer. Identify a regenerative
stochastic process and find the long-run average cost per unit time as function
of T'. What value of 7" minimizes the long-run average cost per unit time?

14E-12 A canal touring boat departs for a tour through the canals of Ams-
terdam every T' minutes with T" fixed. Potential customers pass the point of
departure according to a Poisson process with rate A\. A potential customer
who sees that the boat leaves s minutes from now joins the boat with prob-
ability e #* for 0 < s < T. Assume that a fixed cost of K > 0 is incurred for

"The problems 14E-10 to 14E-14 are a bonus and illustrate the power of the strong law
of large numbers through the renewal-reward theorem.
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each round trip and that a fixed amount R > 0 is earned for each passen-
ger. Identify a regenerative stochastic process to find the long-run average
net reward per unit time as function of 7. What value of 7" maximizes this
long-run average net reward? Hint: use the fact the arrival time of the nth
potential customer has the density A"" te=*/(n — 1)! and use conditioning
to find the probability that the nth arrival joins the first trip of the touring
boat.

14E-13 Customers asking for a single product arrive according to a Poisson
process with rate A. Each customer asks for one unit of the product. Each
demand which cannot be satisfied directly from stock on hand is lost. Oppor-
tunities to replenish the inventory occur according to a Poisson process with
rate u. This process is assumed to be independent of the demand process.
For technical reasons a replenishment can only be made when the inventory
is zero. The inventory on hand is raised to the level () each time a replenish-
ment is done. Use the renewal reward theorem to find the long-run fraction
of time the system is out of stock and the long-run fraction of demand that
is lost. Verify that these two fractions are equal to each other.

14E-14 Suppose that jobs arrive at a work station according to a Poisson
process with rate A\. The work station has no buffer to store temporarily
arriving jobs. An arriving job is accepted only when the work station is
idle, and is lost otherwise. The processing times of the jobs are independent
random variables having a common probability distribution with finite mean
B. Use the renewal-reward theorem to find the long-run fraction of time
the work station is busy and the long-run fraction of jobs that are lost.
Conclude that these two fractions are equal to each other and that they use
the probability distribution of the processing time only through its expected
value.

31



Solutions of the Probability Exam Questions

Here we give the fully worked-out solutions of all of the probability exam
questions.

Chapter 7

7E-1 The choice of the sample space depends on whether we care about the
order in which the cards are chosen. If we consider the order in which the
13 cards are chosen as being relevant, we take an ordered sample space. Let
us assume that the 52 cards of the deck as 1,2,...,52 before the deck is
thoroughly shuffled. Imagine that the 13 cards of the bridge hand are chosen
one at a time. The ordered sample space is the set of outcomes all possible
ordered 13-tuples (i1, .. .,413), where i, is the number of the kth chosen card.
The sample space has 52 x 51 X --- x 40 equally likely outcomes. There are
32 x 31 x - -+ x 20 outcomes for which there is no card above a nine among
the 13 cards chosen. Hence the probability of a Yarborough is

52 x Hl x --- x40
32x31 x---x20

= 0.000547.

Alternatively, this probability can be computed by using an unordered sample
space. The order in which the 13 cards are chosen is not relevant in an
unordered sample space. Each outcome of this sample space is a set of 13
different cards from the deck of 52 cards. In a set we don’t care which element
is first, only which elements are actually present. The number of ways you
can choose a set of 13 different cards from a deck of 52 cards is given by the
binomial coefficient (fg) Hence the unordered sample space has (‘Z’g) equally
likely outcomes. The number of outcomes with no card above a nine is (?1’3)

This leads to the same value for the desired probability of a Yarborough:

(15)
ﬁ = 0.000547.
13
This probability says that the odds against a Yarborough are 1827 to 1. A
Yarborough is named after Lord Yarborough (1809-1862). The second Earl
of Yarborough would offer his whist-playing friends a wager of 1,000 pounds
to 1 against them picking up such a hand. You see that the odds were on his
side. There is no record that he ever paid off.

7E-2 Take an ordered sample space whose outcomes are given by all possible
orderings of five different cells. The total number of outcomes of the sample
space is 64 x 63 x 62 x 61 x 60 and all outcomes are equally probable. The
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number of outcomes for which no row or column contains more than one dot
is 64 x 49 x 36 x 25 x 16. Hence the desired probability is

64 x 49 x 36 x 25 x 16
64 x 63 x 62 x 61 x 60

= 0.0494.

Alternatively, the desired probability can be computed by using an unordered
sample space. Take the sample space whose outcomes are given by all un-
ordered sets of five different cells. The total number of outcomes of the
sample space is (654). Noting that you can choose five different rows in (g)
ways, it follows that the number of choices of five different cells for which no
row or column contains more than one dot is (8) X 8 X 7 X6 x5x4. This

5
gives the same result

() x8x7Tx6x5x4

T

= 0.0494

for the desired probability.

7TE-3 Take an ordered sample space with as outcomes all possible 5! orderings
of the five people, where the first two people in the ordering get tea from the
waiter and the other three get coffee. The number of orderings in which the
first two people have ordered coffee and the other people have ordered tea is
2! x 3!. Hence the desired probability is 2!;!3! = 0.1. Alternatively, we can
take an unordered sample space whose outcomes are given by all possible
choices of two people from the five people, where these two people get coffee.

This leads to the same probability of 1/ (2) =0.1.

TE-4 Take an unordered sample space whose outcomes are given by all pos-
sible sets of the three different parking places out of the ten parking places.
The number of outcomes of the sample space is (130). Each outcome of the
sample space gets assigned the same probability of 1/ (130). The number of
outcomes with three adjacent parking places is 8. Hence the desired proba-
bility is

8 1

(5) 15
TE-5 Imagine that the 7 x 8 = 56 apartments are numbered as 1,2,...,56.
Take as sample space the set of all unordered pairs {i,j} of two distinct
numbers from 1,2, ...,56, where each pair corresponds to two vacant apart-
ments. The sample space has (526) = 1,540 equally likely elements. The
number of elements for which there is one apartment vacant on the top floor
is (f) X (418) = 384 and the number of elements for which there are two apart-
ments vacant on the top floor is (2) = 28. Hence the desired probability is
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(384 + 28)/1,540 = 0.2675. Alternatively, an ordered sample space can be
used to answer the question. Take as ordered sample the set of all 56! permu-
tations of the apartments in the building, where the first two elements in the
permutation refer to the vacant apartments. The number of permutations
with no vacancy on the top floor is 48 x 47 x 54!. Hence the probability that

there is no vacancy on the top floor is %&XM = 0.7325.

TE-6 Take as sample space the set of all unordered pairs of two distinct
cards. The sample space has (522) = 1,326 equally likely elements. There

are G) X (511) = 51 elements with the ten of hearts, and (?) X (112) = 36
elements with hearts and a ten but not the ten of hearts. Hence the desired

probability is (51 + 36)/(1,326) = 0.0656.

TE-7 Imagine that the 12 pieces of fruit are numbered as 1,2,...,12. There
are 12! possible orders at which the 12 pieces of fruit can be taken out of the
box. There are 7 x 11! orders in which the last element is an apple. Hence
the probability that the bowl will be empty after the last apple is taken from
the box is equal to
7 x 11! 7
2 12

TE-8 A same sample space can be used to answer both questions. Take
an ordered sample space whose outcomes are given by all possible 5-tuples
(41,149, ...,15), where iy is the exit floor for person k for k = 1,...,5. The
sample space has 10° outcomes. Let us first consider the case that the floors
are equally likely to be chosen as exit floor. Then the probability % is
assigned to each element of the sample outcomes. The number of outcomes
for which the five persons are all going to different floors is 10 x 9 x 8 x 7 x 6.
Hence the probability that they are all going to different floors is

I0X9x8XTX06

= 0.3024.
10°
For the case that the 10 floors are not equally likely to be chosen as the exit
floor, the probability (%)T(%)S_r is assigned to each outcome (iy, s, ..., 15)

for which exactly r of the components are equal to 10. The number of
outcomes for which the five persons are all going to different floors and floor
10 is not chosen as the exit floor is equal to 9 X 8 X 7 x 6 x 5 = 15,120, while
the number of outcomes for which the five persons are all going to different
floors and exactly one person chooses floor 10 as the exit floor is equal to
(5) X 9x 8% 7x6=15,120. Then the probability that the persons are all

1
going to different floors is

1512O><(1)5+15120><1<1)4—00800
’ 18 ’ o\18/ ’

34



TE-9 Take as sample space the set of all possible orderings of the ten people
on the ten seats. The sample space has 10! equally likely outcomes.

(a) The number of ways to choose three adjacent seats from the ten seats is
8. Hence the number of outcomes for which the three friends are seated next
to each other is 8 x 3! x 7! and so the probability that the three friends will

sit next to each other is
8 x 3! x 7! 1

0 15

(b) The number of ways to choose two friends from the three friends is (g)
The number of outcomes for which the two chosen friends sit next to each
other at one of the ends of the row and the third friend has a non-adjacent
seat is 2 X 7 x 2! x 7!, while the number of outcomes for which the two chosen
friends sit next to each other but not at one of the ends of the row and the
third friend has a non-adjacent seat is 7 x 6 x 2! x 7!. Hence the probability

that exactly two of the three friends will sit next to each other is

G)2x7x2x7+7x6x2x7] 7
10! S5

TE-10 Take an ordered sample space whose outcomes are given by the 10!
possible orderings of the 10 people, where the first five people in the ordering
form the first group and the other five people form the second group. Each
element of the sample space is equally likely and so the desired probability
is

S5X4Ax3IxT+5x4x3Ix7 1
10! 6
Alternatively, by taking an unordered sample space whose outcomes are given

by all possible sets of five people for the first group, the probability can be

computed as : .
() + () _ 1

W o
7E-11 This problem is easiest solved by using an unordered sample space.
Take as sample space the set of all possible sets of four cards from the 52
cards. The sample space has (542) equally likely elements. The number sets

in which the four cards are J, Q, K, A is (;1) X (;1) X (;1) X (;1) Hence the
desired probability is

4 4 4 4
X X X
(1) (1) - (1) (1) = 0.46 % 1074.
()
You can also use an ordered sample space. Take an ordered sample space
whose outcomes are given by all 52! possible orderings of the 52 cards. There
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are 4* x 4! x 48! orderings for which the first four cards are J, Q, K, A in any
order, with suit irrelevant. This gives the same probability

4% x 41 x 48|
52!

TE-12 Let A be the event that there is no ace among the five cards and B
be the event that there is neither a king nor a queen among the five cards.
The desired probability is given by

=046 x 107

1-P(AUB) = 1-[P(A)+ P(B)— P(AB)]
()
()
7TE-13 Label both the balls and the boxes as 1, 2, and 3. Take an ordered
sample space whose elements are all possible three-tuples (b, bo, b3), where
b; is the label of the box in which ball 4 is dropped. The sample space has 33
equally likely elements. Let A; be the event that only box i is empty. The
events Ay, Ay and As are mutually disjoint and have the same probability.
Hence the desired probability is P(A; U Ay U Az) = 3P(A;). To find P(A,),
note that the number of elements for which box 2 (3) contains two balls and
box 3 (2) contains one ball is (3) x 1 = 3. Hence the number of elements for
which only box 1 is empty is 2 x 3 = 6. This gives P(A;) = 2% and so the
probability that exactly one box will be empty is %

= 0.1765.

7E-14 The sample space consists of all four-tuples (dy, da, d3,04) with d; is
0 or 1, where ¢§; = 0 if component ¢ has failed and d; = 1 otherwise. The
probability rirarsry is assigned to each outcome (41, 09, 03, d4), where r; = f;
if §; =0and r; = 1— f; if 9; = 1. It is easiest to compute the complementary
probability of no system failure. Let A be the event that none of the four
components has failed and B be the event that only one of the components 2,
3, or 4 has failed. Then P(AU B) gives the probability of no system failure.
The events A and B are mutually disjoint and so P(AU B) = P(A)+ P(B).
Obviously, P(A) = (1= f1)(1 = f2)(1 = f3)(1— f4) and P(B) = (1 - f1) f2(1—
)X = fo) + (1= f1)(1 = fo) fs(1 = fo) + (1 = f1)(1 = f2)(1 — f3)fs. Hence
the probability that the system will fail is given by

1— [(1 — [ = f2) (1 = f3)(1 = fa) + (1 = fo) fo(1 = f3)(1 = fa)
+(1 = f1)A = f2) fs(1 = fo) + (1 = fi)(1 = fo) (1 = f3) fa].

7TE-15 The sample space of this experiment is the set {(z,y) : 0 < z,y < 1}.
The probability P(A) assigned to each subset A of the unit square is the area
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of the set A. For fixed a with 0 < a < 2, let A be the subset of points (z,y)
in the unit square that satisfy x +y < a. The area of the set A is given by
sa’for0<a<landbyl—1(2—a)?forl <a < 2 (draw a picture). Note:
the probability of a Manhattan distance of no more than a is also equal to
sa® for 0 < a < 1landtol—3(2—a)?forl <a <2 when the point is
randomly chosen in the square {(z,y) : =1 < z,y < 1}, as follows by using
a symmetry argument.

7E-16 The sample space is the set {(z,y): 0 <x <3,0 <y <2}. Let A be
the subset of points from the rectangle for which the distance to the closest
side of the rectangle is larger than a. Then A is a rectangle whose sides have
the lengths 3 —2a and 2 — 2a (it is helpful to make a picture) and so the area
of Ais (3 —2a)(2 — 2a). It now follows that the desired probability is

6 — (3 —2a)(2—2a) _ §a— gaQ.

6 3 3

TE-17 For the case of n = 1, the sample space consists of the eight 3-tuples
(H,H,H), (H,H,T), (H/T,H), (H,T,T), (T,H,H), (T,H,T), (T,T,H),
and (T,T,T), where the first two components refer to the outcomes of the
two coins of Pete. This gives that the probability of Pete getting more heads
than John is % = % for n = 1. By considering all possible 5-tuples of H’s and
T’s for the case of n = 2, the value % = % is found for the probability of
Pete getting more heads than John. For the general case the sample space
consists of the 22"*! possible 2n + 1-tuples of H’s and T’s. The probability

of Pete getting more heads than John is then given by

() 2 (7))

k=0 j=k+1

Evaluating this expression for several values of n gives each time the value
%. A very simple probabilistic argument can be given for the result that the
probability of Pete getting more heads than John is always equal to % Let A
be the event that Pete gets more heads than John and B be the event that
Pete gets more tails than John. Since Pete has only coin more than John,
the events A and B are disjoint. In view of the fact that the total number of
coins is odd, it also holds that the union of A and B is the complete sample
space. Hence P(AU B) = P(A) + P(B) = 1. By a symmetry argument
P(A) = P(B) and so P(A) = 1 as was to be verified.

7TE-18 Label the 11 balls as 1,2,...,11. Think of the order in which the
balls are drawn out of the bag as a permutation of 1,2,...,11. The sample

space is the set of all permutations of the numbers 1,2,...,11. All ordered
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outcomes are equally likely. Let A; be the event that a red ball appears for
the first time at the ith drawing. The events A; are mutually disjoint and so
the probability that Bill is the first person to pick a red ball is Zi:l P(Ag).
The set A; contains (lzl) X (i —1)!' x4 x(7—(i— 1)+ 3)! outcomes. Hence

(7)) x (i =D x4 x (7= (i—1)+3)
11!

This leads to the value % for the probability that Bill is the first person to
pick a red ball.

P(A;) =

fort=1,2,...8.

7TE-19 Take the same sample space as in the solution of Example 7.6 in the
book. Let A; be the event that the deadly shot falls at the ith trial. Then

P(A;) = (%)ii1 tfori=1,2,.... The events A; are mutually exclusive. The

probability that desperado A will shoot himself dead is
p A _ - e = —"—— =10.3956
(go ”3’“) 6 ; (6) 1-(5/6)

The probability that desperado B will shoot himself dead is

> 1N /5) 5/36
(H “3"“) 52 (6> T (560 T

k=0

The probability that desperado C' will shoot himself dead is

> 1SS 5\ 25/216

P A = — — = ——— = 0.2747.
(U ) 52 (6> 1—(5/6)°

k=0 k=0
TE-20 Let A be the event of getting three or more heads in a row in 20 tosses
of the coin and B be the event of getting three or more tails in a row in 20
tosses of the coin. Then P(A) = P(B) = 0.7870 and P(AU B) = 0.9791.

Using the relation P(AU B) = P(A) + P(B) — P(AB), it follows that the
desired probability is given by

P(AB) = 0.7870 4+ 0.7870 — 0.9791 = 0.6049.

TE-21 Let A be the event that a second-hand car is bought and B be the
event that a Japanese car is bought. The desired probability is P(A N B).
Denoting by E° the complement of even FE, it follows that

P(ANB) = P(A)+ P(B)— P(AUB) = P(A) + P(B) — [1 — P((AU B)°)]
= P(A)+ P(B) —[1 - P(A°N BY)]
— 0.25+0.30 — [1 — 0.55] = 0.10.
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TE-22 Let A,, be the event that in the first 6n rolls of the die each of the six
possible outcomes occurs n times. Then P(U°,A,,) is an upper bound for
the probability that the six accumulating counts will ever be equal. For each

| Sy (o) (B 6n)!
piag - GIE-C) o

Using the fact that P(US,A,) < > 2, P(A,), an upper bound for the
desired probability is given by

> P(A,) = 0.02251,
n=1

where the infinite sum has been numerically calculated.

7E-23 Take an ordered sample space whose outcomes are given by all 6°
possible sequences of the integers 1,...,6 to the length 6. All outcomes of
the sample space are equally likely. Let A, be the event that the largest
number rolled is r. Also, let By the event that the largest number rolled is
smaller than or equal to k£ for kK = 1,...,6. Then B, = B,_1 U A,. The
events B,_; and A, are disjoint and so P(B,) = P(B,_1) + P(A,). For any
r, P(B,) = g—z. Hence

r6 r—1)8
P(a) = o - T2

forr=1,...,6.

An alternative way to obtain P(A,) is as follows. For fixed r, let E; be
the event that j of the six rolls of the die give the outcome r and the other
6 — j rolls give an outcome less than r. Then A, = U?:1Ej. The events
E,, ..., Eg are mutually exclusive and so P(A,) = 2]6.:1 P(Ej;). This gives
the alternative expression

?) X 19 x (r—1)%7

P(AT)IZ( 66

J=1

The probability P(A,) has the numerical values 2.14 x 107°, 0.0014, 0.0143,
0.0722, 0.2471, and 0.6651 for r =1, 2, 3, 4, 5, and 6.

TE-24 Some reflection shows that the desired probability of Fermat being the
overall winner is the probability that Fermat wins at least 10 — a games of
the additional 19 — a — b games. Take as sample space all possible sequences
of “ones” and “zeros ” to a length of 19 — a — b, where a win of Fermat is
recorded as a “one” and a loss as a “zero”. Assign to each element of the
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sample space the same probability of 219_% Let A be the event that Fermat

wins exactly k of these games. The set A, contains (197]{“4’) elements.The
events Ay are disjoint and so the desired probability is

19—a—b 19—a—b 19—a—>b
19—a—0» 1

> -3 (UG

k=10—a k=10—a

TE-25 Let A; be the event that number ¢ does not show up in any of the
50 drawings. By the inclusion-exclusion formula, the desired probability is
given by

9 50
1 10—k
P(AJUAU---UAp) = § (—1)k+! ( :) (0170> = 0.0509.
k=1

Note: The number of integers from 1,2, ..., 10 not showing up in 50 drawings
is approximately Poisson distributed with expected value A = 10x (9/10)*° =
0.0515. This claim is supported by the fact that the Poisson probability
1 — e = 0.0502 is approximately equal to the probability 0.0509 that not
all of the numbers 1,2, ...,10 will show up.

7TE-26 Number the seats as 1,2,...,6 and take as sample space the set all
6! possible ways the six people can be seated at the table. Let A; be the
event that the couple i sit together for ¢ = 1,2, 3. The desired probability is
1 — P(A; U AU A3). We have P(A;) = P(Ay) = P(A3) = 6 x 2! x 41/6!,
P(A1Ay) = P(A1A3) = P(AsA3) =6 x3 x 2! x 2! x2!1/6!, and P(A;AxAs) =
6 x 2 x 1 x 2! x2!lx2!/6l. By the inclusion-exclusion formula,

3 11
P(A, U Ay U A3) = 3P(A,) — (2) P(A142) + P(A1AsAy) = 1.

Hence the desired probability 1 — }—51) = %.

TE-27 (a) Take as sample space the set of all 6° possible sequences of the
integers 1,...,6 to the length of 6. The probability that three of the six pos-
sible outcomes do not show up and each of the other three possible outcomes

shows up two times is
6 (6 (4) (2

66
(b) Let A; be the event that outcome i shows up ezactly three times for
1 = 1,...,6. Then the probability that some outcome shows up at least

three times is given by

6
P(AjU---UAg) + Z P(some outcome shows up exactly k times).
k=4
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For any i, P(A;) = (g) x 53/65. Also, P(A;4;) = (g)/66 for any i,j with
© # j. By the inclusion-exclusion formula,

P(A)U---U Ag) = 6P(Ay) — (S) P(A)Ay) = 0.3151.

The probability that any given outcome shows up exactly k times is equal to
(/,i’;)56_"“/66 for 4 < k < 6 and so

6\ =6—k
()® = 0.0522.
66

6
P(some outcome shows up exactly k times) = 6 Z
k=4

Hence the desired probability is 0.3151 + 0.0522 = 0.3672.

TE-28 Let A; be the event that the ith boy becomes part of a couple. The
desired probability is 1 — P(A; U---UA,). For any fixed 1,

n x n2r—2 n

PA) =" — =1

n2n n

For any fixed ¢ and j with 7 # 7,

P(AA;) = n X (n—1)n?4 _ n(n—l).

Continuing in this way, we find

P(A1U~~UAn):Z(—l)kH(n)n(n_1)"'(n_k+1).

k an
k=1

TE-29 Let A; be the event that the ith team has a married couple. The
desired probability is 1 — P(A; U Ay U ---U Ag). For any 1,

P(A,) = %

for any ¢ < j < k, etc. Using the inclusion-exclusion formula, we calculate

P(AyUAyU--- U Ag) = 0.6553

and so the desired probability is 1 — 0.6553 = 0.3447.
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TE-30 Let A; be the event that nobody gets off at the ith stop. The desired
probability is 1 — P(A; U A; U --- U A7). The probability that nobody gets

off at k of the 7 stops is (7;55)25. By the inclusion-exclusion formula,

! ™ (7 — k)®
P(AJUAU---UA;) = Z(—1)’f+1 (k> g = 0.1438,
k=1

Hence the probability that somebody gets off at each stop is 1 — 0.1438 =
0.8562.

7TE-31 There are four paths from node n; to node ny. These paths are the
paths (I, 15), (l2,ls), (L1, 13, l) and (I2, 14, l5). Let A; be the event that the jth
path is functioning. The desired probability is given by P(A;UA;UA3UAy).
By the inclusion-exclusion formula,

P(AJUAUA3UAy) = Y P(A) =) Y P(AA)

4 3
j=1 j=

Hence the probability that there is some functioning path from node n; to
node ny is equal to

P1Ps + P2Ps + P1P3D6 + P2D4Ps — P1P2D5P6 — P1P3P5P6 — P1P2DP4Ds5
—P1P2P3P6 — P2PaPsPe — P1P2P3P4P5P6 + P1P2P3P5P6 + P1P2P4PsP6
+P1DP2P3P4P5P6 + P1P2P3P4P5P6 — P1P2P3P4D5D6 -

The four terms pipopspapsps cancel out in this expression. For the special
case that p; = p for all i, the above expression simplifies to

2p*(1+p+p*) — 5p*.

Chapter 8

8E-1 Take an ordered sample space whose outcomes are given by all possible
3-tuples (i1, ig, i3), where iy, is the result of the roll of the kth die. Each of the
216 possible outcomes of the sample space gets assigned the same probability
of ﬁ. Let A be the event that the sum of the results of the rolls of the three
dice is 10 and B the event that the three dice show different results. The

desired probability is P(A | B) = P(AB)/P(B). The event AB consists of

42



the 3! orderings of {1, 3,6}, the 3! orderings of {1,4,5} and the 3! orderings

of {2,3,5}. This gives P(AB) = 23 = 3% Clearly, P(B) = &x4 = 12,

8E-2 Label the two red balls as R, Ry and the blue and white balls as
B, W. Take as sample space the collection of the subsets { Ry, Ry}, {R1, B},
{Ry, W}, {Ray, B}, {Ry, W}, {B, W} of two balls from the bag. All six
unordered outcomes are equally likely. Let A be the event that both balls
drawn out the bag are red and B be the event that there is a red ball among
the two balls drawn out. The desired probability is given by P(A | B) and

P(AB) 1/6 1

PA]B) = P(B)  5/6 5

8E-3 Take an ordered sample space whose outcomes are given by all 2" possi-
ble sequences of H’s and 7T”s to the length of n. Each outcome of the sample
space gets assigned the same probability of 2% Let A be the event that the
first toss gives heads and let B the event that r heads are obtained in n
tosses. The set B has (:) outcomes and the set set AB has (Zj)outcomes.
Hence P(B) = (")/2" and P(AB) = ("_})/2". This leads to the desired
probability P(AB)/P(B) = r/n.

8E-4 The probability that the number of tens in the hand is the same as the
number of aces in the hand is given by

g (i) (2) (13 4—421@)/69 = 05162

Hence, using a symmetry argument, the probability that the hand contains
more aces than tens is £(1—0.3162) = 0.3419. By P(A | B) = P(AB)/P(B),
the other probability is equal to

0.341924
i () () / ()

8E-5 Let A be the event that a randomly chosen student takes Spanish and
B be the event that the student takes French. The desired probability is
P(B| A) = P(AB)/P(A). 1t is given that P(A) = 0.35, P(B) = 0.15 and
P(AU B) =0.40. To find P(AB), apply

= 0.4911.

P(AUB) = P(A) + P(B) — P(AB).

. . _ . 1. . 010 _ 2
This gives P(AB) = 0.10 and so the desired probability is 3= = =.
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8E-6 Since A = ABUAB® and the events AB and AB¢ are mutually exclusive,
it follows that

P(A) = P(AB) + P(AB®) = P(A)P(B) + P(AB°),
by the independence of A and B. Hence
P(ABY) = P(A)[1 - P(B)] = P(A)P(B"),

proving that A and B¢ are independent. By letting B¢ play the role of A
and A the role of B, it follows next that B¢ and A€ are independent.

8E-7 The number is randomly chosen from the matrix and so P(A) = %,

P(B) = 2 and P(AB) = £. Since P(AB) = P(A)P(B), the events A and
B are independent. This result can also be explained by noting that you
obtain a random number from the matrix by choosing first a row at random
and choosing next a column at random.

8E-8 (a) Imagining that the waiter first serves the two cups of coffee, let
A; be the event that the first coffee is given to a person having ordered
coffee and A, be the event that the second coffee is given to the other person
having ordered coffee. The desired probability P(A;A;) can be evaluated as
P(A))P(Ay | A)) =2 x i =14
(b) Let A; be the event that the first vacancy is not on the top floor and A,
be the event that the second vacancy is not on the top floor. The desired
probability is 1 — P(A1Ay) = 1 — P(A;)P(As | Ay) and is thus equal to
1 — 28 x 22 = 0.2675.

(c) Let A; be the event that your first friend is in the same group as you are
and A, the event that your second friend is in the same group as you are.
The desired probability is P(A1A) = P(A1)P(A | A1) =5 x 2 =1
(d) Let A; be the event that the ith card you receive is a picture card that you
have not received before. Then, by P(A;A3A3A4) = P(A1)P(As | A1)P(As |
A1Ay)P(Ay | A1 A3 A3), the desired probability can also be computed as

16 12 8 4
P(A1AyA3A,) = S X X5 X1 9.46 x 1078

8E-9 Let A; be the event that one red and one blue ball show up on the ith
drawing for ¢ = 1,...,4. The desired probability is given by

P(A1AsAsAy) = P(A1)P(As | A1) P(As | A1As)P(Ay | AiAsAs).

8Problem 8E-7 illustrates again that conditioning is often easier than counting.
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We have P(A4) = 5 = 7, P(Az | A1) = 3 = §, P(As | Aids) = 555 = 5,

and P(As | A1A2A3) = 1 (alternatively, P(Al) = (1) (})/ (). and so on).
Hence the desired probability is given by

4 3 2 8

X - X=XxX1=—.

7 5 3 35
8E-10 Let A; be the event that the ¢th English team is not paired with another
English team. The desired probability is P(A;A2As). This probability can
be evaluated as

5 4 4
P(Al)P(AQ ‘ Al)P(Ag ‘ A1A2) = ? X g X 1= ?
8E-11 No more than five picks until all balls in the jar are black means three
picks or five picks. The probability that you need three picks until all balls
in the bar are black is given by % X % X % = 1%5. The number of picks needed
is five only if one of the first three picks gives a black ball and the other four
picks give a white ball. Using conditional probabilities again, we find that
the probability that five picks are needed until all balls in the jar are black
is equal to

2 4 3 2 1 3 3

55 5 5 55 5"

ot W
(G201 V]
X

Hence the desired probability is 125 + 1%5 = %.9

8E-12 For fixed n, let A, be the event that your name appears at the nth
drawing and A; be the event that your name does not appear at the ith
drawing for ¢ = 1,...,n — 1. Using the basic formula P(A;A4y---A4,) =

P(A))P(Ay | Ay)---P(A, | Ar... A,_1), it follows that

n—1
N —k 2
P(you get assigned the nth placement) = H X )
k:12—|—N—l€ 24+ N —n

8E-13 Let px be the probability that the kth announcement wins the bonus.
Then, by P(AlAQA ) = P(Al) (A2 | Al) P(An | Al---An—l)a it

follows that p; = 0, py = 1507 p3 = 99 X Wzov and

99 98 V-k+3 k-1
— X —— X -+ X X ,
100 100 100 100

D = k=4,...,25.

9The complete probability mass function of the number of picks needed until all balls
in the jar are black can be numerically obtained by using the method of absorbing Markov
chains that is discussed in chapter 15 of my book Understanding Probability.

45



Numerical calculations show that py is maximal for £k = 11 with p;; = 0.0628.

8E-14 Let pp be the probability that the first ace appears at the kth card.
Then, by P(AlAzAn) = P(Al)P(AQ ‘ Al) P(An | Al ...Anfl), it

follows that p; = %, D2 = % X %a and

48 47 48 — k +2 4
P k=3,...,49.
5251 h2a—k+2 52—k+1 A

The three players do not have the same chance to become the dealer. For
P = A, B, and C, let rp be the probability that player P becomes the
dealer. Then r4 > rp > r¢, because the probability py is decreasing in

k. The probabilities can be calculated as r, = 2711(5:0 P13, = 0.3600, rp =
S8 o Daran = 0.3328, and ro = 31 s, = 0.3072.

8E-15 Let A be the event that HAPPY HOUR appears again. To find P(A),
condition on the events B, By, and B3, where B; is the event that the two
letters H are removed, B, is the event that the two letters P are removed,
and Bs is the event that two different letters are removed. The formula

P(A) =Y, P(A| Bi)P(B;) gives

1 1 1 1 1 19
(=) () 2 k) ()] 36
8E-16 Let A be the event that the first question on the exam is marked as

difficult. Let B; be the event that the exam is hard and B, be the event that
the exam is easy. Applying the formula P(A) = Z?Zl P(A| B;)P(B;) gives

Pk =

P(A)=0.9x0.840.15 x 0.1 = 0.735.

The probability that the exam is hard given that the first question on the
exam is marked as difficult is equal to

P(A) P(A) ©0.735
8E-17 Let A be the event that Bill wins the match and B; be the event that

Bill loses ¢ games of the first two games for ¢ = 0,1 and 2. By the law of
conditional probability,

P(By | A) = = 0.9796.

P(A) = P(A| By)P(By)+ P(A| B1)P(B:1) + P(A | By)P(Ba)
= 1xp*+ P(A) x 2pq + 0 x ¢*.

This gives




where the last equality uses the fact that p* +2pg + ¢*> = (p+ q)? = 1. This
result can be also obtained from the gambler’s ruin problem in which each
player starts with two dollars. The gambler’s ruin formula gives that the
probability of Bill winning the match is equal to [1 — (¢/p)?]/[1 — (¢/p)*] =
P/ (0* + ¢%).

8E-18 Let A be the event that the bowl contained five white balls and three
red balls before the two red balls were added. Also, let B the event that all
five balls picked out of the bowl are white. The desired probability P(A | B

is given by ) -
PAB) _ (5)()" < (5)/(5)
) .

PA1B) = P(B) P(B

By the law of conditional probability,

This leads to the answer P(A| B) = 1.

8E-19 It does not matter what question you ask. After hearing the answer of
your friend, the probability of making a correct guess is 2—16 for both questions.
To see this, let A be the event that you guess correctly what the card is. For
either question, let By be the event that the answer of your friend to the
question is yes and By be the event that the answers is no. By the law of
conditional probability, P(A) = P(A | By)P(B;)+ P(A | B2)P(Bz). For the
question whether the card is red, this gives

1 1 1 1 1

226
For the second question whether the card is the ace of spades,
1 1 51 1
PA)=1X —4+ — X — = —.
(4) 52 * 51 52 26
Hence it does not matter what question you pose to your friend.

8E-20 (a) Let Ay be the event that both players have obtained k heads after
N tosses. The probability of a tie after N tosses is

S - £0)0 ()
SO IHI AR O]
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Note that this probability is the same as the probability of getting N heads
(and N tails) in 2N tosses of a fair coin.

(b) Let A be the event that player 1 wins the game. Then P(A) = 0.5,
regardless of the value of N. The simplest way to see this is to define E; as
the event that player 1 has more heads than player 2 after NV tosses, E, as
the event that player 1 has fewer heads than player 2 after N tosses, and FEj
as the event that player 1 has the same number of heads as player 2 after
N tosses. Then P(A) = 322 | P(A | E;)P(E;), by the law of conditional
probability. To evaluate this, it is not necessary to know the P(E;). Since
P(E,) = P(F,) and P(FE3) =1 —2P(F)), it follows that P(A) is equal to

1 x P(E))+0x P(Ey) + % x P(E3) = P(Ey) + % x (1 —2P(Ey)) = 0.5.

8E-21 Let A be the event that all of the balls drawn are blue and B; be the
event that the number of points shown by the die is ¢ for: =1,...,6.

(a) By the law of conditional probability, the probability that all of the balls
drawn are blue is given by

6 5

P(A) =S P B)P(B) = £ (<1%0)) - =

i=1 i=1

(b) The probability that the number of points shown by the die is  given
that all of the balls drawn are blue is equal to

P(B,4) _ (1/6()/(;)

P(B: | 4) = P(A) — 5/36

This probability has the values %, %, 1—10, %, ﬁ and 0 forr=1,...,6.

8E-22 Let A be the event that John and Pete meet each other in the semi-
finals. To find P(A), let By be the event that John and Pete are allocated
to either group 1 or group 2 but not to the same group and By be the event
that John and Pete are allocated to either group 3 or group 4 but not to the
same group. Then P(B;) = P(B;) = 3 x 2 = 1. By the law of conditional
probability,

1
1 1 1 1 1 1 1
= —X=X=-4+=X=X==—.
2 2 7 2 2 7 14

Let C be the event that John and Pete meet each other in the final. To find
P(C), let Dy be the event that John is allocated to either group 1 or group

|~
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2 and Pete to either group 3 or group 4 and D, be the event that John is
allocated to either group 3 or group 4 and Pete to either group 1 or group 2.
Then P(D,) = P(D;) = 3 x 2 = 2. By the law of conditional probability,

P(C) = P(C|D1)X§+P(C|D2)x%

1 1r 1 1 2 1 1 1 1 2 1
= —X=-X=-X=-X—-4+-X=-X=X=X==—.
2 2 2 2 7 2 2 2 2 7 28
The latter result can also be directly seen by a symmetry argument. The
probability that any one pair contests the final is the same as that for any
other pair. There are (2) different pairs and so the probability that John and
Pete meet each other in the final is 1/ (g) = %.
8E-23 Let P(r, s) be the probability of Fermat being the overall winner given
that Fermat has won so far r games and Pascal has won so far s games. Then,

by conditioning on the result of the next game,
1 1
P(r,s) = iP(r +1,s)+ §P(7“, s+1)

with the boundary conditions P(10, s) = 1 for all s < 10 and P(r, 10) = 0 for
all » < 10. By backward calculation, we get the desired probability P(a, b).

8E-24 (a) For fixed n, let A, be the event that the total number of heads
after n tosses is even and let P, = P(A,). Also, let By be the event that
the first toss results in tails and B; be the event that the first toss results in

heads. Then, P(A,) = P(A, | Bo)P(By) + P(A,, | B1)P(By). This gives
P,=01-pP1+p(l—P,—1) forn=12 ...,

where Py = 1. This recurrence equation has the explicit solution

1 1 "
Pn—§+§(1—2p) forn=1,2,....
Note that, for any 0 < p < 1, the probability P, tends to % as n gets large.
For p = %, P, = % for all n > 1, as is obvious for reasons of symmetry.

(b) For fixed n, let A, be the event that a sequence of n tosses does not
show five or more consecutive heads and let P, = P(A,). Also, let B; be
the event that the first ¢ — 1 tosses give heads and the ith toss gives tails
for i« = 1,2,...,5 and Bg be the event that the first five tosses result in
heads. The events B; are disjoint. Then P(A,) = 330, P(A, | B;,)P(B;)
with P(B;) = p"~*(1 —p) for 1 <4 <5 and P(A, | Bs) = 0. This gives the

recursion
5

P, = Zpi*1(1 —p)P,_; forn=256,...,

i=1
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WhereP0:P1:P2:P3:P4:1.

8E-25 For fixed integer r, let A, be the event that there are exactly r winning
tickets among the one half million tickets sold. Let B,, be the event that there
exactly n winning tickets among the one million tickets printed. Then, by
the law of conditional probability,

P(A,) =Y P(A, | B))P(By).

Obviously, P(A, | B,) = 0 for n < r. For all practical purposes the so-called
Poisson probability e~!/n! can be taken for the probability of the event B,
forn=0,1,... (see Example 7.11 in the textbook). This gives

£ () ) 5 -t

n=r 7=0 J:

=

Hence the probability of exactly » winning tickets among the one half million
tickets sold is given by the Poisson probability ez % forr=0,1,....

8E-26 Let the hypothesis H be the event that a 1 is sent and the evidence E
be the event that a 1 is received. The desired posterior probability P(H | E)
satisfies
P(H|E) 08 095 _
P(H|E) 027001

Hence the posterior probability P(H | E) that a 1 has been sent is
0.9974.

8E-27 Let the hypothesis H be the event that the inhabitant you overheard
spoke truthfully and the evidence F be the event that the other inhabitant

says that the inhabitant you overheard spoke the truth. The desired posterior
probability P(H | E) satisfies

380.

1
14380

P(H|E) _1/3 1/3 1

PH|E) 2/3"2/3 4

Hence the posterior probability P(H | E) that the inhabitant you overheard
1/4 1

spoke the truth is

i+i/a — 5

8E-28 Let the hypothesis H be the event that oil is present in the test area
and the evidence F be the event that the test gives a positive signal. This
leads to

PUH|E) 04 090
P(H|E) 06 015
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Hence the posterior probability P(H | E) of oil being present in the test area

. 4 .
Is 77 = 0.8.

8E-29 Let the hypotheses H be the event that the family has two girls and
the evidence E be the event that the family has a girl named Mary Ann. In

the first problem, the prior probabilities P(H) and P(H) have the values

and 2, while P(E | H) and P(E | H) have the values 1 and 2. This leads to

PH|E) 1/4_ 1 1

P(E|E) 3/4 2/3 2

and so the posterior probability P(H | E) of having two girls has the value
% in the first problem. In the second problem, the prior probabilities P(H)
and P(H) have again the values 1 and 2, but P(E | H) and P(E | H) now

1,9 1 _ 2 2 o 1 Thic of
have the values 15 + 15 X 5 = 75 and § X 15. This gives

10

P(H|E) 1/4 2/10

P E) 34" @B < (/10

and so the posterior probability P(H | E) of having two girls has the value
% in the second problem. An intuitive explanation of why the second proba-
bility is larger lies in the fact that in the second problem it is more likely to
have a girl named Mary Ann when there are two girls in the family rather
than a single girl. In the first problem it makes no difference whether the
number of girls in the family is one or two in order to have a girl named

Mary Ann.

8E-30 Let the hypothesis H be the event that the family has one boy and
two girls and the evidence E be the event that he family has a boy among
the three children. Then P(H) = 3, P(H) = 3, P(E | H) = 1, and P(E |
-1

PH|E) 3/8 " 1 3

PH|E) 5/8 4/5 4

Hence the desired probability P(H | E) is equal to 1-3;/34; - =3

8E-31 (a) Assume you have tossed the randomly chosen coin n times and all
n tosses result in heads. Let the hypothesis H be the event that you have
chosen the two-headed coin and the evidence E be the event that all n tosses
result in heads. The desired posterior probability P(H | E) satisfies

P(H|E)  1/10,000 1

— = X .
P(H|E) 9999/10,000  0.5"
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This gives .

PH | FE)= 27

2" 49,999

The posterior probability P(H | E) has the values 0.7662 and 0.9997 for
n =15 and n = 25.
(b) Let hypothesis H be the event that you choose coin s and the evidence
E be the event that each of the first n tosses results in heads. By Bayes’ rule
in odds form,

PHIE) _1/(r+1) (s/r)" _ (/)

PHIE)  r/e+1) " (1) 2/ G/

This gives

(s/r)"
P(H|E) = <7
ijo (J/r)m
8E-32 (a) Let the hypothesis H be the event that both numbers are even and

the evidence E be the event that there is an even number among the two
numbers. Then

P(H|E) _25/100 1 2
P(H|E) 75/100  (2x5x5)/100 3

Hence the posterior probability P(H | E) that both numbers are even is

2/3  _
1+2/3 — 0.4.
(b) Let the hypothesis H be the event that both numbers are even and the
evidence F be the event that there the number 2 is among the two numbers.

Then

P(H|E) 25/100 1—(4/52 6

P(E|E)  75/100 "« (2x5)/100 5

Hence the posterior probability P(H | E) that both numbers are even is
6/5 _ 6
1+6/5 — 11°

8E-33 Let the random variable © represent the unknown probability that a
single toss of the die results in the outcome 6. The prior distribution of © is
given by po(f) = 0.25 for 6 = 0.1, 0.2, 0.3 and 0.4. The posterior probability
p(0 | data) = P(© = 60 | data) is proportional to L(data | €)py(6), where
L(data | 6) = (%2)67(1 — 6)**. Hence the posterior probability p(f | data)
is given by

L(data | 8)po(0)
>kt L(data | k/10)po(k/10)

975 1—6 225
= 1 ( = ) o 0 =0.1,0.2,0.3,0.4.

2 k=1 (K/10)7(1 — £/10)

52

p(0 | data) =




The posterior probability p(6 | data) has the values 3.5 x 1072, 0.4097,
0.5903, and 3.5 x 102 for 6 = 0.1, 0.2, 0.3, and 0.4.

8E-34 Let the random variable © represent the unknown probability that
a free throw of your friend will be successful. The prior probability mass
function po(#) = P(© = 0) has the values 0.2, 0.6, and 0.2 for § = 0.25,
0.50, and 0.75. The posterior probability p(f | data) = P(© = 6 | data) is
proportional to L(data | 6)po(6), where L(data | 6) = (7)67(1 — 6)°. Hence
the posterior probability p(f | data) is given by

07(1 — 0)3po(0)
0.257 x 0.753 x 0.2 + 0.507 x 0.503 x 0.6 + 0.757 x 0.25% x 0.2

for # = 0.25, 0.50, and 0.75. The possible values 0.25, 0.50 and 0.75 for
the success probability of the free throws of your friend have the posterior
probabilities 0.0051, 0.5812 and 0.4137.

Chapter 9

9E-1 This problem can be solved both by counting arguments and by con-
ditional probabilities. The solution approach using counting arguments re-
quires the specification of a sample space. Take as sample space the set of all
possible 10! rankings of the scores of the ten people. The number of rankings
for which the highest ranking achieved by a women equals 1 is given by 5 x9!.
Hence 5 o) .
PX=1)=22"_2

10! 10
The number of rankings for which the highest ranking achieved by a women
equals 2 is given by 5 x 4 x 8!. Hence

5 x4 x 8l 5

Continuing in this way,

_5><4><5><7!_5 _5><4><3><5><6!_5

P(X = =— P(X=4 —
( 3) 10! 36’ ( ) 10! 84’
P(X:5):5X4X3X2X5X5!:i,

10! 252
P(X:6):5X4X3X2X1X5X4!:L.

10! 252

Alternatively, the problem can be solved by using conditional probabilities.
To do so, note that the problem is one of the many problems that can be
reformulated as “balls in a bag” problem. Imagine that there are five red
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balls and five blue balls in a bag. You pull them out one at a time. Let A;
be the event that the ith ball pulled out is the first blue ball you get. Then
P(X =1i) = P(A;) fori=1,...,6. Using the relation

P(Ai) = P(A}) - P(A7, | AT+ AT o) P(Ai | AT~ AT,

where A{ is the complement event of A;, it follows that

5 5 5 5 4 5

PX =1 =2 P(X=2 = 2 x2 P(Xx=3 =2 xty?2

( ) =15 ! )=1%g ) =10%5%%

5 4 3 5 5 4 3 2 5

( )= X9 X5 X7 PX =0 =g xgxg x5 X5

A 2 1

P(X:6):3><— §><—><—><§.
10 °90°3% 776 %5

9E-2 To find the two depleted batteries, you need at least two tests but no
more than four tests. Label the batteries as 1,2,...,5. Think of the order
in which the batteries are placed for testing as a random permutation of the
numbers 1,2, ...,5. The sample space has 5! equally likely outcomes. You
need two tests if the first two batteries tested are depleted. The number of
outcomes for which the two depleted batteries are on the positions 1 and 2
is 2 x 1 x 3!. Hence

o 2x1x3l 1

510

You need three tests if the first three batteries tested are not depleted or if
a second depleted battery is found at the third test. This leads to

IX2X1IXx2A4+2x3x1x21+3 x2x1x2! 3
PX =3)= 5! 10

The probability P(X = 4) follows from P(X =4) =1—-P(X =2)— P(X =
3) = 1%. Alternatively, the probability mass function of X can be obtained
by using conditional probabilities. This gives P(X = 0) = 2 x 1 = - and

=N =3x2xLlyp2 313 2,1_3
P(X=2)=5xiXg+5xiX5+5X1%X35= 1

P(X =2)

9E-3 The random variable X is defined on a sample space consisting of the
36 equiprobable elements (i, 7), where 4, 7 = 1,2,...,6. The random variable
X takes on the value ¢ x j for the realization (4, j). The random variable X

takes on the 1, 2, 3. 4, 5. 6, 8. 9. 10, 12, 15, 16. 18, 20, 24, 25, 30, and 36
with respective probabilities %, %, 32—6, %, %, %, %, %, 32—6, %, %, %, %,‘%,
2 1

35 360 and %. The expected value of X is easiest computed as



Also,

6 6
1 1 91 91 8281

2) 2

X—36EE’LX] EZXE j—6><6—36.

i=1 j=1 =1 Jj=1

Hence F(X) = 12.25 and o(X) = 1/8281/36 — (49/4)2 = 8.9423.

9E-4 Let the random variable X be the payoff (expressed in dollars) on a
lottery ticket. The random variable X takes on the values 0, 50, 500, and
5,000 with respective probabilities

1><9><10><10+9><10><10><10_ 99

P(X =0) = _ 99
( ) 10,000 100"
1x1x9x10 9
P X p— p— p—
(X =50) 10,000 1,000°
1x1x1x9 9 1
(X' =500) 10,000 10000 L X =5000) = 157555
This gives
99 9 9
BE(X) =0 x —2 450 x 500 5,000 — 14,
(X) = 0> 755 +50 % 7555 +300 < 35555 2000 % 357555

The house edge of the lottery is (%) x 100% = 30%.

9E-5 Let the random variable X be the payoff of the game. Then,
6x5xXx5x5 125

P(X =
( O) 64 216
6x (3) x1x5x4 60
P(X =2)= k) " = o
6 216
6><(3)><1><5><1 15
P(X =25) = 1 - -
( 5) 64 216’
6><(3)><1><1><5 15
P(X =3)= 2 -
( 3) 64 216’
6 1 x1x1 1
PX =)=
6 216

Alternatively, using conditional probabilities, the probability mas
of X can be calculated as P(X = 0) = (2)%, P(X =2) = (9
P(X =25)= ()32 x L, P(X =3)=(3)(3)?3, and P(X =4) = (3).
Hence

125 60 15 15 1
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Since E(X) — 1 = —0.044 < 0, the game is disadvantageous to you. The
house edge is 4.4%.

9E-6 Let the random variable X be your payoff expressed in dollars. The

random variable X can take the values 0.5, 5, 6, 7, 8, 9, and 10 with respective

Qe 4 101 1 1 1 1 o
probabilities 15, 155 155 10> 100 190 and 75- This gives

10
4 1
E(X) =050 x — i x — = 4.7.
(X) ><104”;”10
To calculate o(X), note that
VR 1
E(X?) =0.50% x — i2x — =356
(X X10+;‘7 * 10

Hence o(X) = /35.6 — 4.7 = 3.68.

9E-7 Let the random variable X be the smallest number rolled. The easiest
way to calculate E(X) is to use F(X) = Z?:o P(X > j). Noting that

6
P(X > j) = (Tj) for j =0,1,...,5,

it follows that
S (6—5\°
E(X)= — ] =1 .
(X) Z ( - > 1.4397
7=0
To find o(X), note that P(X = k)= P(X >k —1) — P(X > k) and so

g ()

k=1

= 2.5656.

This gives 0(X) = /E(X?2) — E2(X) = 0.702.

9E-8 The idea is to use a one-stage-look-ahead rule. For the situation that
you have collected so far a dollars and k+1 boxes are still closed including the
box with the devil’s penny, define the random variable Xy (a) as the amount
by which your capital would change when you would decide to open one
other box. The one-stage-look-ahead-rule prescribes to stop if the expected
value of Xj(a) is smaller than or equal to zero and to continue otherwise.
Let A =ay+as+-- -+ aip be the original amount of dollars in the 10 boxes.
To calculate £ (X k(a)), you need not to know how the remaining amount of
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A — a dollars is distributed over the k remaining closed boxes not containing
the devil’s penny. To see this, imagine that the dollar amounts a;,,...,q;
are in these k closed boxes. Then,

k

k
1 1 1 1
E(Xu(0) = 5 2oy~ g0 = @ -9 = e

j=1

Hence E(Xk(a)) < 0 only if a > %A, regardless of the value of k. A good
strategy is to stop as soon you have collected %A dollars or more and to
continue otherwise.

9E-9 For any k£ > 2, let X} be the amount you get at the kth game. Then
the total amount you will get is > "7 _, Xj,. By the linearity of the expectation
operator, the expected value of the total amount you will get is >, _, F(X}).
Since P(X), = 1) = 3555 and P(X), = 0) = 1 — P(X), = 1), it follows that
E(Xy) = m for k = 2,...,s. Hence the expected value of the total
amount you will get is equal to

53 1 s—1
P k(k—1) s

The fact that the sum equals %1 is easily proved by induction.

9E-10 By conditioning, the probability of getting the same two outcomes

when tossing the two coins is % X p+ % X (1—p) = % Hence the number

of tosses until both coins simultaneously show the same outcome is geo-

metrically distributed with parameter 1 and thus has expected value 2 and

2
standard deviation v/2.

9E-11 For fixed k, let the random variable X; be equal to 1 if box i contains
exactly k apples and X; be equal to 0 otherwise. Then,

- ()6 ()7

Hence the expected value of the number of boxes containing exactly k apples
is given by

925 1 k 9 25—k
E(X -+ Xi0) =10 — — k=0,1,...,25.
( 1+ + 10) X (k)) (10) (10) ) ) )

9E-12 Let us say that a success occurs each time an ace is drawn that you
have not seen before. Denote by X; be the number of cards drawn between
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the occurrences of the (j — 1)st and jth success. The random variable X;

is geometrically distributed with success parameter 4_(5]‘2_1). Also, the ran-
dom variables Xi,..., X, are independent of each other. A geometrically
distributed random variable with parameter p has expected value 1/p and
variance (1 — p)/p®. Hence the expected value and the standard deviation
of the number of times you have to draw a card until you have seen all four

different aces are given by

52 52 52 52

and

U(X1+X2+X3+X4):

9E-13 It is easiest to compute the expected value and the standard deviation
of the random variable X being the number of floors on which the elevator

will not stop. Let the random variable X; = 1 if the elevator does not stop
on floor j and X; = 0 otherwise. It holds that P(X; = 1) = (=2)"™ and so

E(X;) = (%)m for all for j =1,2,...,r. Hence

:ilE(Xj) = (r;l)m

To find the variance of the random variable X, we use the relation

ZEX2 +2Z Z (X X)-

J=1k=j+1

Since X is a 0 — 1 variable, we have E(X7) = E(X;) for all for j. To find
E(X;X}) for j # k, note that

This gives

oo (22) () (52)

Next o(X) follows from \/E(X?2) — E2(X). Finally, the expected value and
the standard deviation of the number of stops of the elevator are given by
r— E(X) and o(X).
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9E-14 (a) Let X; be equal to 1 if the integer ¢ does not show up in the 20
drawings and X; be equal to 0 otherwise. Then the number of integers not
showing up in the 20 drawings is X; + X5 + -+ - + Xjo. For all i, E(X;) =
P(X;=1)=(9/10)%* and so

9 20
E(X14 Xy + 4 X10) = 10 x (1—0) — 1.2158.

For any 1 75 j, E(XZXJ) = P(XZ = 17XJ = 1) = (8/10)20 and so

9 20 10 8 20
Xi+Xo4+ - +X)? =1 - 2 —
E( 1+ X9 + + 10) 0 x (10) + (2) X (10)

= 2.2534.

This leads to o(X; + Xo + - -+ + X39) = 0.8805.

(b) Let X; be equal to 1 if the number ¢ does not show up in the 15 lotto
drawings and X; be equal to 0 otherwise. The probability that a specified
number does not show up in any given drawing is (464) / (465) = 39/45. Hence
E(X;) = P(X; =1) = (39/45)" and so

39 15

The probability that two specified numbers ¢ and j with ¢ # j do not show
up in any given drawing is (7)) /() = (39/45) x (38/44). Hence E(X;X;) =

P(X:=1,%; = 1) = [(39 x 38)/(45 x 44)]"® and so

39\ 45 39 x 38\ "
EX;+Xo+ -+ X4:)? = 45 — 2
(Xt Kot 4 Xoo) X(45> - (2>X(45><44)

= 30.9292.

This leads to o(X; + Xo + - -+ + Xy5) = 1.8057.

9E-15 For any ¢ # j, let the random variable X;; = 1 if the integers ¢ and j
are switched in the random permutation and X;; = 0 otherwise. The total

number of switches is ), ; Xj;. Since P(Xj; = 1) = (";!2)!, it follows that

E(X;;) = ﬁ Hence

(50) -5 - (ms s

1<J 1<J

irrespective of the value of n.
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9E-16 Let the indicator variable I, be equal to 1 if the kth team has a
married couple and zero otherwise. Then P(I, = 1) = 12 x 22/ (2;) for any
k. Hence the expected number of teams having a married couple is equal to

S E(L) = (8 x 12 x 22)/ (%) = 1.043.

9E-17 Call your opponents East and West. The probability that East has
two spades and West has three spades is

GG _ 39

Gs) 115

Hence the desired probability is 2 x % = 0.6783.

9E-18 Let the random variable X denote the number of times you will roll
the die until you get an outcome that is larger than or equal to the randomly
chosen integer from 1, 2, ...,6. Under the condition that the randomly chosen
integer is j, the number of rolls of the die until you get an outcome that is
larger than or equal to j is geometrically distributed with parameter p; =

%. By the law of conditional probability, it now follows that

6 . k—1 .
6—j+1 6—j+1 1
P(X=k=> @—~—%i—) ——%i—xa k=1,2,....

j=1
Using the fact that the geometric distribution with parameter p has 1/p as

expected value and (1 — p)/p? as variance, it follows that

[e'¢) 6 . k—1 . 6
1 6—j+1 6-j+1 1 6
()6; ;( 6 ) 6 626ﬁ+f

J=1

yielding E(X) = 2.45. Also,
0 6

1 6-j+1\""6—j+1 < 645—1
E(X:H) =) k2 1— _ )7
(X%) 6;; E:( 6 ) 6 ?;m—4+1y’

J=1

vielding E(X?) = 15.4467. This gives o(X) = 1/15.4467 — 2.452 = 3.073.

9E-19 Let the indicator variable I,, = 1 if the nth toss results in heads and
I, = 0 otherwise. To find E(}_,_, I,,), let a,, = P(I, = 1) denote the
probability that the nth toss will result in heads. By the law of conditional
probabilities, P(l, = 1) is given by P(I, = 1 | I,-1 = 1)P([,—; = 1) +
P(l,=1]|1,-1=0)P(l,—; =0) and so

a, =0.5a,-1+p(1—a,_1) forn=01,...,
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where ag = 1. The solution of this standard difference equation is given by

a, =a+py" forn=1,2,...,
where a = zﬁ’ b= ﬁ and v = 0.5 — p. This gives that the expected

value of the number of heads in r tosses is given by Y _ (a+ 87").

9E-20 Label the white balls as 1,...,W. Let the indicator variable I be
equal to 1 if the white ball with label k£ remains in the bag when you stop
and 0 otherwise. To find the probability P(I; = 1), you can discard the
other white balls and consider the situation that you pick balls from a bowl
with R red balls and one white ball. In this situation the probability of the
white ball remaining as last ball in the bowl is R%rl. Hence E(Iy) = R%rl for
k=1,...,W. This gives that the expected number of white balls remaining

in the bag when you stop is equal to 25:1 E(I) = Riﬂ.

9E-21 For z,y e {—-1,1}, P(X =2, Y =y) =P X =z | Y =y)P(Y =y)
and P(X =z |Y =y)=P(Z ==z/y | Y = y). By the independence of Y
and Z, P(Z =x/y|Y =y) = P(Z = z/y) = 0.5. This gives

PX=2,Y=y)=05xPY =y).

Also, by P(X =1)=PY =1,Z=1)+P(Y = -1, Z = —1) and the
independence of Y and Z, it follows that P(X = 1) = 0.5 + 0.5%. This
shows that P(X =) = 0.5 for x = —1,1 and so, by P(X =z, Y =y) =
0.5 x P(Y =),

PX=z,Y=y)=PX=x)P(Y=y) forx,ye{-1,1},

proving that X and Y are independent. By the same reasoning, X and Z
are independent. However, X is not independent of Y 4+ Z. To see this, note
that P(X =1,Y+Z=0)=0and P(X =1)P(Y +Z=0) > 0.

9E-22 (a) You can think of n + m independent Bernoulli experiments with
success probability p, where X is the number of successes in the first n
experiments and Y is the number of successes in the last m experiments.
This explains why X + Y is binomially distributed with parameters n + m
and p. A formal proof goes as follows. Using the independence of X and Y,
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it follows that

PX+Y =k = > PX=rY=k-r)=> P(X=rY=k-r)

= pH(1- p)’”mer; (Z) (kT T)

for k =0,1,...,n+m. Using the identity Zf:o (:f) (k"fr) = (”;m), it follows

that X + Y has a binomial distribution with parameters n + m and p.

(b) By P(A| B) = PFE?BE;), it follows that

P(X=j, X+Y =k)
P(X+Y =k)

P(X=j|X+Y =k)=

Using the independence of X and Y,

P(X=j, X+Y =k) = P(X=3,Y =k—j)
= (?ﬁﬂl—@"j@f%)ﬁjﬂl—mmkﬂ

and so
n m
PX:@NX+Y:k::(>( )ﬁ1—p"mk
( = ()" )ra-n
for 0 <j<kand0<k<n+m. Hence

I ()
(A = pyrtmk ()

For fixed k, the probabilities P(X = j | X +Y = k) for j = 0,...,k

constitute a hypergeometric distribution.

9E-23 Let the random variable N be the number of particles emitted in the
given time interval. Noting that P(X =j, Y =k)=P(X =4, Y =k N =
j + k) and using the formula P(AB) = P(A | B)P(B), it follows that

P(X=j|X+Y =k)=

PX=35Y=k = PX=45Y=k|N=j+kP(N=j+k)

_ (i+tk '_kf,\/\jHC
- (j >p](1 e TR
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Since (jjk) = Uth and e = e e~ 21-P) thig result can be restated as

FiL
Ap)! A1 —p))*
Pty ) = Oy Q0 =)

J! k!
Using the relations P(X = j) =Y - P(X =4, Y =k) and P(Y = k) =
> oo P(X =3, Y = k), it next follows that

for all 7,k > 0.

Pix =)= e g pry = gy = e Q0D

J! k!

for all j, £ > 0. Hence X and Y are Poisson distributed with expected values
Ap and A(1 — p). Moreover,

PX=35Y=k =P X=j)P(Y=k) foralljk,
showing the remarkable that X and Y are independent.
9E-24 (a) By the substitution rule,
EAg(X +1) = Xg(X)]

= Z Ag(k + 1)6”\F - Z g(k)e”\ﬁ
k=0 =
S A S N

=Y Ag(k+1)e H—)\Zg(l—i-l)e o 0
k=0 =0

(b) Let p; = P(X = j) for j =0,1,.... For fixed i > 1, define the indicator
function g(x) by g(k) = 1 for k = i and g(k) = 0 for k # i. Then the relation
EXg(X +1) — Xg(X)] = 0 reduces to

Api—1 —ip; = 0.
This gives p; = %pi_l for i« > 0. By repeated application of this equation, it

next follows that p; = ;\f;po for 4 > 0. Using the fact that > .~ p; = 1, we
get po = e, This gives

PX=i)=e*>~ fori=0,1,...,

proving the desired result.

9E-25 Let the random variable N be the outcome of the initial roll of the
die. Using the law of conditional probability with the conditioning events
B; = {N = j}, it follows that

P(X=k)=> P(X=k|N=jP(N=j), k=01,...,T

J=1
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Under the condition that the first roll gives the outcome j, the probability
of a total k sixes is equal to the binomial probability (1)(1/6)*(5/6)7~* if
1 < j <5 and is equal to the binomial probability (,°,)(1/6)k~1(5/6)6-*+1
if 7 = 6, with the convention that (i) = 0 for £ > j. This results in
P(X=0)=1%" (5/6) and

e RO
AT

The probability P(X = k) has the numerical values 0.4984, 0.3190, 0.1293,
0.0422, 0.0096, 0.0014, and 3.57 x 10~ for k = 0, 1, 2, 3, 4, 5, 6, and 7.

9E-26 Let the random variable X be your payoff in any play. The probability
of drawing 7 gold-colored balls is

4\ ( 6

P(X =j) = L) Sg’j) for j =0,1,2,3.
(4)

Alternatively, using conditional probabilities, P(X = 2) and P(X = 3) can
be computed as P(X =2) = 5 x 2 x 84 L ox 34 L x 83
P(X =3) =4 x2x 2= Hence

3 1 2
E(X)leP(XzQ)—l—llxP(X:3):1><E+11x%:§ dollars.

Your expected loss in any play is 1 — % = L dollars and so the house edge is

3
33.3%.

9E-27 The problem can be translated into the urn model with 1,422 white
balls and 1,405 black balls. The desired probability is equal to the probability
the number of white balls remaining is smaller than or equal the number of
black balls remaining when 101 randomly chosen balls are removed from the
urn. Noting that 1,422 — m < 1,405 — (101 — m) only if m > 59, it follows
that this probability is given by

101 (1,422)( 1,405 )

§ : m 101—m

2,827

m=59 ( 101 )
9E-28 Let Ey be the event that you get » — 1 red balls in the first £ —1 draws
and E; be the event of a red ball at the kth draw. The desired probability

= 0.05917.
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is P(EyE,). It holds that

(") (k—lI’(Lr—l)) n—(r—1)

P(Ey) = d P(E|Ey) =
(o) () an (B | Eo) ntm—(k—1)
Hence, by P(EoE:) = P(Ey)P(E: | Ey), the desired probability is given by
n m o 1
(T_I)Jr(k_r) w T i fork=r....m+r.
() n+m—Fk+1

9E-29 Assuming that the game is not stopped, let the random variable X3
be the number of draws you need to get one of the numbers 1,...,4 and
X5 be the number of draws your friend needs to get one of the numbers
5,...,10. The probability that you will be the winner is P(X; < X5). Since
you and your friend draw the random numbers independently of each other

with respective success probabilities p; = % and py, = %, it follows that

P(X1§X2> = ZP(Xlzja X2Z])

j=1
i . . D1

= pd—p) A —p) = ———.
jzl D1+ P2 — P1P2

Hence your probability of winning is 0.5263. It is a surprising result that
your probability of winning is more than 50%, while p; is smaller than ps.
The length of the game is min(X;, X5). It holds that

P(min(Xl,Xg) > l) = P(X1 > l, Xo > l)
= (1-p)'(1-p)'=(1-p) 1=0,1,...,

where p = p; + py — p1pe.  Using the relation P(min(Xy, X5) = 1) =
P(min(Xy, X) > 1 —1) — P(min(X;, X3) > [), it next follows that

P(min(X,, Xy) =1 =p(1 —p)™! forl=1,2,....

In other words, the length of the game is geometrically distributed with
parameter p; + py — p1p2 = 0.76.

9E-30 Let the random variable X be the total demand for spare parts in the
remaining lifetime of the airplane. Using the law of conditional probabilities
and noting that the sum of independent Poisson random variables is again
Poisson distributed, it follows that

5 k
Ze_l)‘(lli\') for k=0,1,....
=3 ’



The probability that there will be a shortage in the remaining lifetime of the
plane is

k=Q+1 k Q+1 1=3 1=3 k=Q+1

C»J|H

Using the fact that > 777 5| (12\_')’@ = el — g 0 (12' , it follows that

k

ol

The number of spare parts left over at the end of the remaining lifetime of
the plane is max(Q) — X, 0). By the substitution rule,

P(shortage) =

i [ ki o—IA

=3 0

C»J|H

Q
E(number of spare parts left over) = Z(Q —k)P(X =k)

The amount of demand that cannot be satisfied from the stock of () units is
max(X — @,0). By the substitution rule,

E(shortage) = Z (k—Q)P(
k=Q+1
S (- Q)P

) 10 Q I\
— g(3)\+4>\+5>\)—Q+§Z€MZ(Q_M(k!) '

=3 k=0

9E-31 Let E be the event that no more than one of your ten trees will not

grow well and By be the event that there are k trees of tree-nurseryman A

are among your ten trees. By the law of conditional probability, P(E) =
0 P(E | By)P(By). For any k=0,1,...,10,

pi -~ (D)

()
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The conditional probability P(A | By) is given by
k
P(A| By) = (0.90)% x (0.95)°7% + (1)0.10 (0.90)F~! x 0.95'0F
10 — k
+( ) )0.05 (0.95)°7% x 0.90" for k=0,1,...,10

with the convention (7) = 0. Substituting the expressions for P(E | By) and

P(By) into P(E) =3.,2, P(E | By)P(By) gives
P(E) = 0.8243.

9E-32 Let Ay be the event that the last drawing has k numbers in common
with the second last drawing. Seeing the six numbers from the second last
drawing as red balls and the other numbers as white balls, it follows that

O

ork=0,1,...,6.
(5)

Let E be the event that the next drawing will have no numbers common with
the last two two drawings. Then, by the law of conditional probabilities,

P(E)=3"_,P(E | Ay)P(A) and so

P(Ag) =

()05
P(E)=> & x SRSk = 0.1901.

= () (s)
9E-33 Let the indicator variable I be equal to 1 if Bill and Matt have both
chosen the number & and 0 otherwise. Since P(I), = 1) = 135 x 125 = 0.0025
for all k, the expected number of common numbers in the choices of Bill and
Matt is 3,0 E(I;) = 0.25. Let the random variable X indicate how many
numbers Bill and Matt have in common in their choices. Seeing the numbers
chosen by Bill as red balls and the other numbers as white balls, it is directly
seen that X has the hypergeometric distribution

5\ ( 95
(1) (2)
100
('5)
In particular, the probability that the choices of Bill and Matt have a number

in common is 1 — P(X = 0) = 0.2304.

P(X =k)= for k=0,1,...,5.

9E-34 Suppose your strategy is to stop as soon as you have picked a number
larger than or equal to r. The number of trials until you have picked a
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number larger than or equal to r is geometrically distributed with success

probability p = 25’2—2“ The dollar amount you get paid has the discrete
uniform distribution on ..., 25. Hence
25
1 25
E(net ffy = —— k— ———
(net payoff 25—r+1kzz; 25— r+1
1 25
= —=(25 — ————— dollars.
2( +7) 55—, 7 dollars

This expression takes on the maximal value $18.4286 for r = 19.

Chapter 10

10E-1 The requirement 1 = cfol (z + Vx)de = Lc gives ¢ = . To find the
density function of Y = +, we determine P(Y < y). Obviously, P(Y < y) =
0 for y < 1. For y > 1,

rsn-r(e23) 10 (5210 ()

where F'(zx) is the probability distribution function of X. By differentiation,
it follows that the density function g(y) of Y is given by

6 (1 1 6/1 1
gyz—f(—)x—:—(——l——) fory > 1
W) 7" \y vt T\y RSy

and g(y) = 0 otherwise.

10E-2 The area of the circle is Y = mX?, where X is uniformly distributed
on (0,1). The density function of X is given by f(z) =1 for 0 < z < 1 and
f(z) = 0 otherwise. For any y with 0 <y <,

P(ng):P<X§\/g):/0y/ﬂdx: %

Differentiation gives that the density function of the area of the circle is given
by g(y) = 2\/1@ for 0 <y < 7 and g(y) = 0 otherwise.

10E-3 The range of the random variable X is the interval [0, 1]. Let A be the
subset of points from the rectangle for which the distance to the closest side
of the rectangle is larger than z, where 0 < x < 1. Then A is a rectangle
whose sides have the lengths 3 — 2z and 2 — 2z and so the area of A is
(3 —2x)(2 — 2x). It now follows that

6—-(B-27)(2-2z) 5 2,

P(X <zx)= = —x— —x for0 <z <1.
6 3 3
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The probability density f(z) of X is given by f(z) =2 — gz for 0 <z <1
and f(z) = 0 otherwise. The expected value of X is folx (5 —32) dx =
=. Noting that E(X?) = 01 a? (3 —3x) de = 2, it follows that o(X) =

V/2/9 — (7/18)2 = £/23.

10E-4 The probability distribution function of the weekly volume of waste in
thousands of gallons is given by

F(z) = 105/ y'(1—y)dy = 105/ (y' = 29" +4°) dy
0 0
= 2°(152* =35z +21) for0<ax <1

The solution of the equation 1 — F(x) = 0.05 is x = 0.8712. Hence the
capacity of the storage tank in thousands of gallons should be 0.8712.

10E-5 Let random variable X be the amount of waste (in thousands of gal-
lons) produced during a week and Y be the total costs incurred during a
week. Then the random variable Y can be represented as Y = ¢(X), where
the function g(x) is given by

(z) = 1.25 4+ 0.5x for 0 < x < 0.9,
11254 0.5x0.9+5+10(z —0.9) for 09 <z <1

and g(x) = 0 otherwise. By the substitution rule, the expected value of the
weekly costs is given by

1
105/ g(x)2*(1 — 2)* dx = 1.69747.
0
To find the standard deviation of the weekly costs, we first calculate

1
E(Y?) = / g (x)x* (1 — 2)* dr = 3.62044.
0

Hence the standard deviation of the weekly costs is equal to v/3.62044 — 1.697472 =
0.8597.

10E-6 A stockout occurs if the demand X is larger than () and so

P(stockout) = /Q T fa)de—1- /0 ¢ f(z) dx.

The amount of stock left over at the end of the period is max(Q — X,0).
By the substitution rule, we can compute the expected value of the random
variable Y = max(@ — X,0). This gives

Q
E(stock left over) = /0 (Q—x)f(x)dx.
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The amount that cannot be satisfied from stock is max(X — @,0). By the
substitution rule,

o0

Q
E(shortage) = / (0 — Q)f(x)dz = j—Q + / (Q — 2)f(x) du,

Q
where p = E(X).

10E-7 Denoting by the point O the center of the circle, let the random variable

© be the angle between the line segments PO and QO. Then O is uniformly

distributed between 0 and 7. A little geometry shows that sin(30) = XT/Q

and so X = 2rsin(30). Hence, by the substitution rule,

™ 1 1 4 w/2
EX) = /02rsin<§9>—d9:—r sin(x) dx

U T Jo

Noting that sin®(z) + cos?(x) = 1 and fowﬂ sin?(r) do = 0”/2 cos?(x) dz, it

follows that foﬂ/ ? sin? (z) dr = §. Hence, by using again the substitution rule,

g 131 8r2 [T/?
B(X? = /4r2sin2 <—0>—al0:L sin?(z) dx
0 2 /)7 T Jo
8r2
= xS =92
s 8 4 "
This gives

1672

o(X) = 1/2r — = ~ 06167,
T

10E-8 Let the random variable X be the amount of damage. Then Y =
g(X), where the function g(z) is given by g(z) = 0 for x < 450 and g(z) =
min (500, z — 450) for > 450. Using the substitution rule, it follows that

950 1 1,250
B(Y) = — 450 dz + 500 dz = 275.
() /450 (@ )1,000 T /950 1,000 *

The probability distribution function of Y is given by
P(Y =0) = P(250 < X <450) = 0.20,
4504y y
P(YS?J)ZP(Y:O)+/ dr = 0.20 +

s 1,000 1,000
P(Y = 500) = P(950 < X < 1,250) = 0.30.

for y < 500,
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The random variable Y has a mixed distribution with a probability mass at
cach of the points 0 and 500 and a density on the interval (0, 500).

10E-9 Let the N(7,4)-distributed random variable X be the lifetime of the
item. The expected value of the payment per insurance is

1
aP(X§2)+§aP(2<X§4)
X—7 _2-7\ 1 _(2-7 X-7 4-7
—aP < “aP <
a(Q —2)+2a(2< > —2>
1

= a®(~2.5) + 5a[®(~1.5) — &(~2.5)] = a x 0.03651.

Hence the value 1370 should be taken for a.

10E-10 The area of the triangle is given by V = %tg(@). The density f(6)
of © is given by f(0) = 2 for 0 < 6 < % and f(f) = 0 otherwise. By the
substitution rule, the first two moments of V' are given by

and

o Lo g 1 ™
E(V)_4/O o) =" (1-7).
10E-11 The quadratic distance is distributed as X2+ Y2, where X and Y are
independent random variables each having the standard normal density. The
random variable V' = X2 4 Y? has the chi-square density with two degrees of
freedom. This density is given by f(v) = %e_%” for v > 0. Denoting by F'(v)
the probability distribution function of the x3 distributed random variable
V', it follows that the probability distribution function of the distance from
the center of the target to the point of impact is given by

P(WVX2+Y2<r)=P(V <r®)=F(r?) forr>0.

Hence the probability density of the distance from the center of the target to
the point of impact is 27 f(r?) = re=2" for r > 0. The expected value of the
distance is fooo r2e=3 dr = % 27, using the fact that % ffooo r2e=3 dr = 1
for the standard normal density. The mode of the distance follows by solving

the equation fox re~2" dr = 0.5. This gives the value /2 In(2) for the mode.

10E-12 The radius of the circle is given by the random variable R = v/ X2 + Y2
and the area of the circle is 7(X? + Y?). Using the fact that X? + Y? has
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the y3-density f(z) = %e*%“ for z > 0, it follows that

v/7r1
P(r(X*+Y?) <v) :P<X2—I—Y2 < E) :/ 56_%wdw, v > 0.
0

™

Hence the density function of the area of the circle is %6_%”/ T for v > 0.
This is the exponential density with parameter 27w. The expected value of
the area of the circle is fooo U%e’%”/”dv = 2.

10E-13 Let the random variable L be length of the line segment joining
the points (X,Y) and (1,0). Since X2 +Y? =1, L = /(X —1)24+Y2 =
V2 —2X. Noting that X is distributed as cos(©) with © being uniformly
distributed on (0, 27), it follows from the substitution rule that that

E(L) = % /027T V2 — 2cos(6) db.

8

27’
10E-14 Let U be the randomly chosen point in the interval (0,1). Then the
length L of the subinterval covering the given point s is given by g(U), where
the function g(z) is defined by g(z) =1 -z if x < s and g(u) = x if z > s.
The density function f(u) of U is given by f(u) = 1 for 0 < u < 1 and
f(u) = 0 otherwise. Hence, by the substitution rule,

Using numerical integration to evaluate the integral, we get E(L) =

E(L):/Olg(u)f(u)du:/Os(l—u)du—l—/sludu:5—32—1—%.

10E-15 Let the random variable X denote your service time, For fixed ¢ > 0,
let A be the event that your service time is no more than ¢ and B; be the event
that you are routed to server ¢ for + = 1,2. Then, by the law of conditional
probability, P(A) = P(A | B1)P(B;)+ P(A | By)P(B>). Using the fact that
P(V <t) =1—e for an exponentially distributed random variable V' with
parameter A, it now follows that

P(X <t) =pi(1 — e M) 4 po(1 — e7H2h).
Differentiation gives that the density function f(t) of X is given by
f(t) = prpe ™ + papge ™2t for t > 0.

This is the so-called hyperexponential density.
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10E-16 (a) The probability distribution function of Y is given by

P(Y<y) = P(-V§<X<Vp)

1 /ﬁ Ly 1 /—ﬁ Ly
= — e Xr — —F e xX.
V2T J—so V2T J_so

Differentiation of P(Y < y) gives that the probability density function of Y
is given by

1 ., 1 1 1

1
= e 2Y + e 2Y
W = et
L be ¥ fory>0
e 2e or
NoTad V=

and g(y) = 0 otherwise. This shows that Y has a gamma density with shape

parameter % and scale parameter %

(b) Noting that P(Y < y) = P(|X| < y?) for y > 0, it follows that
P(Y <y)=P(—y’ <X <¢’) = 0(y") = 2(=y") fory >0.

Put for abbreviation ¢(z) = \/LQ—We_%’”Q. Differentiation of the distribution

function P(Y < y) gives that the density function of Y is equal to

4y
2w

2y (y*) + 2y (—y°) = e 2¥'  for y>0

and is equal to zero otherwise.

10E-17 The probability distribution function of Y is given by

1
PY <y) = P(QX—léy):P<X§§(y+1))
%(?ﬂrl)g
o Y e L TR
0 ™

The derivative of P(Y < y) is (8/#)\/%(y 1)1 -3y +1)x35=2/1—1y>
for —1 < y < 1. Hence the probability density function of Y is given by
g(y) = 2y/1—y?) for =1 < y < 1 and g(y) = 0 otherwise. This is the

so-called semicircle density.

10E-18 The probability density function g(y) of the random variable Y is
given by f(a(y))|d'(y)|, where the inverse function a(y) = i This gives

1

W)= |~k
T =0+ (/)

2

1
= — fOI' — o0 < < 0Q.
m(1+y?) Y
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In other words, the random variable % has the same Cauchy distribution as
X.

10E-19 Let us first define the conditional density function of X given that
X > a. To do so, we determine P(X < z | X < a) By P(A| B) =
P(AB)/P(B), we have for any x < a that

P(X<z) [T fly)dy

PX<a) [° fly)dy

Obviously, P(X <z | X <a) =1 for > a. This explains why conditional

probability density f,(z) of X given that X < a is defined by

@
J2 Fy) dy

and f,(z) = 0 otherwise. The conditional expected value E(X | X < a) is
defined by

PX<z|X<a)=

forz <a

fa()

a

EX|X <a) :/ zfy(x)de.

For the case that x has the exponential density with parameter A,

faoo xAe M dx 11— e~ — \ge @

EX| X <a)== =
(X[ X=a) [° e Ardy A(1 — e=2a)

10E-20 You wish to cross a one-way traffic road on which cars drive at a
constant speed and pass according to independent interarrival times having
an exponential distribution with an expected value of 1/X seconds. You can
only cross the road when no car has come round the corner since ¢ time
seconds. What is the probability distribution of the number of passing cars
before you can cross the road when you arrive at an arbitrary moment? What
property of the exponential distribution do you use?

10E-20 The probability that the time between the passings of two consecutive
cars is more than c¢ seconds is given by

p= / e Mdt = e

By the lack of memory of the exponential distribution, the probability p =
e~*¢ gives also the probability that no car comes around the corner during
the ¢ seconds measured from the moment you arrive at the road. Denoting
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by the random variable N the number of passing cars before you can cross
the road, it now follows that N has the shifted geometric distribution

PX =k =0—-pfp fork=0,1,....

10E-21 By the lack of memory of the exponential distribution, the remaining
washing time of the car being washed in the station has the same exponential
density as a newly started washing time. Hence the probability that the car
in the washing station will need no more than five other minutes is equal to

5
1
e mhdt =1 — 5/ = 0.2835.
o 15
The probability that you have to wait more than 20 minutes before your car
can be washed is equal to the probability of 0 service completions or 1 service
completion in the coming 20 minutes. The latter probability is given by the
Poisson probability (see Rule 10.2 in the book)
20 _50/15
— =0.6151.
15
10E-22 The probability that the closest integer to the random observation is
odd is equal to

e—20/15

o0 1 1 o p2k+14d

E P(2k+—<X<2k+1+—):E / e “dr
2 2 2k+1

k=0 k=0 3

0o _ _1
2: [67(2k+%) _ 67(2k+1+%)] e 1—e! __c*
— 1—e2 14e!

The conditional probability that the closest integer to the random observation
is odd given that it is larger than the even integer r is equal to

NI

- 1 1
ZP(2k+§<X<2k+1+§}X>T)

k=0
! iP(2k+1<X<2k+1+1X> )
= oy < 3 = r
P(X >r) prt 2 2’
0 2k+1+1 0
_ 1 Z / P o gy — 1 Z [6—(2k+%) _e—(2k+1+%)}
- k1 e "
k=r/2 2 k=r/2

Since 3757, [e7@HD) — e @RHIF)] = e 37X [em(HD) — e @3] the

conditional probability that the closest integer to the random observation is
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odd given that it is larger than r is equal to

o0 —

Z —(241) (2l+1+%)] __¢ .
— 1+et

=

The unconditional probability is the same as the unconditional probability
that the closest integer to the random observation from the exponential den-
sity is odd. This result can also be explained from the memoryless property
of the exponential distribution.

10E-23 Let the random variable X be the amount of time that the component
functions is in the good state. The probability of having a replacement
because of a system failure is given by

Z PnT <X <(n+1)T —a)=>» (e — e rlintIal)

s 1 — g~T—a)

R L)) S e

n=0

The time between two replacements is equal to nT" with probability P((n —
)T < X <nT)forn=1,2,.... Hence

E(time between two replacements) = Z nT (e #n=DT _ gmunT)
B T
1 — e HT

Remark. Denoting by p the probability that a replacement is because of a
system failure and using the memoryless property of the exponential distri-
bution, it follows that the expected time until the first system failure is given
by E(time between two replacements)/p minus 7'— E(X | X < T —a), where
E(X | X < T—a) can be evaluated as [1—e #T=%) — (T —a)e *T=9] /[u(1—
e~ mT=a)y),

10E-24 Your probability of winning is the probability of having exactly one
signal in the time interval (s,7T"). By the memoryless property of the Poisson
process, this probability is equal to e *@ =) \(T' — 5). Putting the derivative
of this expression equal to zero, it follows that the optimal value of s is given
by T — . The maximal win probability is e~ (~ 0.3679), irrespective of the
values of A and T'.

10E-25 Let p be the probability of no car passing through the village during
the next half hour. Then, by the memoryless property of the Poisson process,
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the probability of no car passing through the village during one hour is p?.
Solving p? = 1 — 0.64 gives p = 0.6. Hence the desired probability is 0.4.

10E-26 Let the random variables X; and X5 be the two measurement errors.
The desired probability is P(3|X;+X5| < 0.005(). Since the random variables
X7 and X, are independent, the random variable %(Xl + X5) is normally
distributed with mean 0 and standard deviation %\/0.006%2 +0.004212 =

ﬁ\/ 52. Letting Z be standard normally distributed, it now follows that

(1 | X1 + X — 0] < 1,000 x 0.005)

2 (1/2,000)v/52 ~ V52
5 10 10

_ P(%|Z|§E):P(—ESZSE>-

Hence the desired probability is given by

1 10 10
Pl =X+ X5 <0.005] = | — | - | ——
(2'1 2| < ) (@) (\/5_2)
10
= 20 — | — 1 =0.8345.
(5%)

10E-27 The desired probability is P(|X; — Xs| < a). Since the random
variables X; and X5 are independent, the random variable X; — X5 is normal
distributed with expected value p = p; — po and standard deviation o =

\/o? + 03. It now follows that
P(|X1—X2| §a) = P(—(ISXl—XQ §a)

_ P<_a_M§X1_X2_M§a_M).
o o o

1
P<§|X1 4 X < 0.0055)

Hence, denoting by ®(x) the standard normal distribution function,

p(‘Xl_Xz‘ga):q><w> _q)<_a_(/i1—/i2)>.

2 2 2 2
\V 01+ 03 \V 01+ 03

10E-28 The probability mass function of the number of copies of the appliance
to be used when an infinite supply would be available is a Poisson distribution
with expected value of % = 75. Suppose that () copies of the appliance are
stored in the space ship. Let the exponentially distributed random variable
X; be the lifetime (in days) of the ith copy used. Then the probability of a
shortage during the space mission is P(X; + --- 4+ Xg < 150). The random
variables Xi,..., X are independent and have an expected value of % days
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and a standard deviation of % days, where A = 1. By the central limit

2
theorem,

Xi++Xg—2Q 1502
P(X)+--+ Xg < 150) = P( 1 X 220 Q)

2/0 ="9/0

~ (150 — 2Q>
2VQ )
The 0.001 percentile of the standard normal distribution is -3.0902. Solv-
ing the equation 1520\;562 = —3.0902 gives ) = 106.96 and so the nor-
mal approximation suggests to store 107 units. The exact value of the re-
quired stock follows by finding the smallest value of () for which the Pois-
son probabilitka>Q e~751" ig smaller than or equal to 1073, This gives

k!
Q = 103.

10E-29 Let X; be the amount (in dollars) the casino owner loses on the ith
bet. Then Xi,..., X550 are independent random variables with P(X; =
10) = 2 and P(X; = —5) = 32 for 1 <4 < 2,500. The amount (in dollars)
lost by the casino owner is X + -+ + X3 500. For any 1,

85 2275 85\ 2
E(X;) = 37 = 2.29730 and o(X;) = \/? — (§> = 7.49726.

By the central limit theorem, X; + --- + Xy 500 is approximately N(u,o?)
distributed with p = 2.297302 x 2,500 = 5,743.250 and ¢ = 7.49726/2,500 =
374.863. Hence the probability that the casino owner will lose more than

6,500 dollars is approximately equal to 1 — @(W) = 0.0217.

10E-30 Let the random variable V;, be the bankroll (in dollars) of the gambler
after the nth bet. Then V,, = (1 —«a)V,,_1+aV,,_1R,, for 1 <n <100, where
a = 0.05, V5 = 1,000 and Rq,..., Rig are independent random variables
with P(R; = ;) = 32 and P(R; = 2) = i for all i. Iterating this equality
gives

Vi=(1—-a+aR)x---x(1—a+aR,)Vy forn=12...,100.
Taking logarithms, we get
In(V,,/Vo) =In(l —a+aRy)+---+In(l —a+aR,) forall n.

Let X; = In(1—a+aR;). The random variables X, ..., Xjgo are independent
with
19 18
E(X,) = 3 In(0.9625) + - In(1.05) = 0.0041086
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19 18
o(X;) = = In*(0.9625) + = In*(1.05) — 0.00410862 = 0.0434898.

By the central limit theorem, In(Vigy/Vy) is approximately N(u,o?) dis-
tributed, where

= 0.0434898 x 100 = 0.41086 and o = 0.0434898 x v100 = 0.434898.

To approximate the probability that the gambler takes home more than d
dollars for d = 0, 500, 1,000 and 2,500, we consider P(V,, > al}) for a = 1,
1.5, 2 and 3.5. We have

PV, >aVy) = P(n(V,/Vy) > In(a))
- p (RS b))

o g

and so |
P(Vn>a%)%1—®(m>.

g

The probability that the gambler takes home more than d dollars has the
values 0.8276, 0.5494, 0.2581, and 0.0264 for d = 0, 500, 1,000 and 2,500.
Remark. The random variable Vjgy being the gambler’s bankroll after 100
bets is approximately lognormally distributed with an expected value of
e 329% % 1,000 = 1,000.51 dollars and a standard deviation of e#27°v/eo® — 1x
1,000 = 43.73 dollars.

10E-31 Let the random variable X denote the original lifetime of the random
variable X. To calculate the desired probability

P(X >s+1t)

P(X t| X ="

(X >s5+1| X >5s) PX=3)

we need the probability distribution of X. Let A; be the event that the
battery comes from supplier ¢ for ¢ = 1,2. Then, by the law of conditional
probability,

P(X>z) = P(X>z|A)P(A)+ P(X >x| Ay)P(A)
= pre M 4 pre2* for x > 0.
This gives

() |y pmra(s+)
P(X>s+t|X>s) =1 + Pt

preHe + paehes
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10E-32 Taking the derivative of the failure rate function r(z), it is a matter of
simple algebra to verify that the failure rate function is increasing on (0, z*)
and decreasing on (z*,00), where z* is the unique solution to the equation

pae M 4 e = (g — ).

The failure rate function determines uniquely the probability distribution

function F(x) of the lifetime of the vacuum tube. Using the basic relation

r(z) = 1{8?230, it follows that

1—F(z) =e "M% e 2% — e~ mtr2)r for ¢ > (.
Chapter 11

11E-1 (a) The joint probability mass function is given by P(X =0, Y =0) =
LPX=0Y=1)=L PX=1,Y=0=1 PX=1,Y =
PX=1Y=2=4 PX=2Y=1)=¢ and P(X =2,Y =
Using the relation E(XY) = S22_, Z;ZO)P(X =z, Y =y), it follows that
E(XY)=1x;+2Xx§+2xg+4x =125

(b) The joint probability mass function is given by

1\° 1\*
P(sz,Yzy)z(i) (5) (;) (5) for0 <z <5 0<y<ux.

Using the relation E(X +Y) = >0, Yo +YPX =2,V =y), it
follows that

E(X+Y)= i(m +0.5z) (i) (%)5 = 2.5+ 1.25 = 3.75.

=0

11E-2 The joint probability mass function is given by

k—1
PX=1Y=k) = ( 5 )(().55)‘*(0.45)’“4 fork=4,...,7.

and

k—1
P(X=0,Y =k) = ( 5 >(o.45)4(0.55)’<4 fork=4,...,7.
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11E-3 By the rule P(AlAQ cee An) = P(Al)P(AQ | Al) cee P(An | A1 M 'Anfl)
for conditional probabilities, it follows that the joint probability mass func-
tion of X; and X, is given by

_ , 48 48 — (i —2) 4
(=i X=]) = X Xy “moGo]
48 — (i — R
><8 (2,1)><~~><48 (2-1).(‘] 2)
52 —i 52—i—(j —2)
3

i1

fort=1,...,49and j =i+1,...,50. Of course, the probability distribution
of X is given by

48 48 — (i — 2) 4

P(X: =) = -2 % ...
=i = X X =9 “moG=1

1< <49.

The marginal distribution of X5 is computed from

7j—1
P(Xy=j)=Y P(X;=i, X=j), 2<j <50.

i=1

Remark. Let X3 be the number of cards flipped over until the third ace
appears and X4 be the number of cards flipped over until the fourth ace
appears. For reasons of symmetry, the probability distribution of 52 — X,
is the same as the probability distribution of X; — 1 and the probability
distribution of 52 — X3 is the same as the probability distribution of X5 — 1.
An alternative solution to the problem of finding the marginal distributions of
the X; is provided by the solution to Problem 9E-25. It can be heuristically
argued that the four aces divide the other 48 cards in five blocks of the
same average length. This argument leads to E(X;) = 9.6 + 1 = 10.6,
E(Xy) =212, E(X3) =31.8, and E(X,) = 424.

11E-4 To find the joint probability mass function of X and Y, we first cal-

culate " "
por=ey =0 3= =3(") (3)' () (3

for1 <n <6and0<xy <n. It now follows that the joint probability
mass function of X and Y is given by

P(X:x,Y:y):éEi:(D (Z) (%)% 0<ua,y<6,

n=1
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with the convention (Z) = 0 for £ > n. To calculate the numerical value of
P(X =Y), note that

1 6 6 n 2 1 2n 1 6 1 2n n n 2
= =535 (1) (3) =i (z) S(0)
The relation >, _, (})” = (*") holds , as follows from (*") = >0 (1) (,",)-
We can now conclude that

P(X=Y)= éi (27?)2 (%)% = 0.3221.

n=1

11E-5 The probability P(X =14, Y = 1) is equal the probability that two or
more dice yield the highest score ¢ and the other dice score less than . Hence

d r . d—r
d 1 1—1
P(X=1Y=1) = —
oemer=0 = 2 (0 6) (%)
B d\ (1\" (i—1\"" [i—1\" ; i—1\""
- =\ \6 6 6 6
i — (=1 —d(i — 1)
64 '
The probability P(X = i, Y = j) for ¢ > j is equal the probability that
exactly one die yields the highest score i, at least one die yields the second-
highest score j and the other dice score less than j. Hence, for i > j,

()fii( )()(‘%)d”
- OHECHE )0

r=0
—(j —
6d

S

E
S
I
>.<
I

=
I

11E-6 (a) The marginal distribution of X is given by

[e.9] 72 o0

P(X:l’):Zm:x'Zk' ? fOI'[L':O,]_,

y=x
and the marginal distribution of Y is given by

e~22v

y
PY =y)= —_ = = fory=0,1,....
( ) xzzox'(y x)! y' zzox' — ) y!
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(b) Let V=Y — X. The joint probability mass function of X and ¥ — X is

6_2

PX=z,Y-X=2))=PX=z,Y=z+2)= forz,z=0,1,....

zlz!

2

Since P(Y =X =2) =) 7 55 = ez;,l for  =0,1,..., it follows that

z=0 22!
PX=z,Y-X=2)=PX=2)PY —X=2) forallaz

and so X and Y — X are independent.

(c) E(XY) can be computed from E(XY) =372 ,>""° :Eyz!(%fx)!, but it is
easier to compute E(XY) from E(XY)=EX(Y — X+ X)| = E(X)E(Y —
X)+E(X?), using the independence of X and Y. Since X and Y —X are both
Poisson distributed with expected value 1, it follows that E(XY) = 1+2 = 3.
The expected value and the variance of the Poisson distributed variable X
are given by E(X) = 1 and 0?(X) = 1. The expected value and the variance
of the random variable Y are easiest computes as E(Y) = E(Y — X + X) =
EY-X)+EX)=1+1=2and o*(Y)=0*(Y - X)+*(X)=1+1=2.

This gives
3—1x2 1

1x+2 - V2
11E-7 The joint probability mass function of X and Y is given by
6 6—x 6—x—
(z) ()40

PX=xzY=y) = o for x,y > 0,2 +y < 6.

p(X, Y) =

The easiest way to compute p(X, Y) is to use indicator variables. Let I; =1
if the jth roll gives the outcome 1 and [; = 0 otherwise. Also, let L; =1 if
the jth roll gives the outcome 6 and L; = 0 otherwise. Then X = Z?Zl I;

and Y = Z?:l L;. For each j, E(I;) = E(L;) = % and UQ(IJ') - 02(Lj> - 35_6'

This gives E(X) = E(Y) = 1 and 6*(X) = 0*(Y) = 2, where the latter
expression uses the fact that both I,..., s and L4, ... Lg are independent
random variables. To find E(XY'), note that [;L; = 0 for all j and [; is

independent of L, for j # k. This gives

E(XY)=E (Z Ly Lk> => Y E(L)E(L) = % = g
k=1

=1 i=1 k#j
We can now conclude that

S 1x1
px, vy = L6 =txL

V6% /56
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11E-8 The constant ¢ follows from the requirement ¢ fol dx fom xydy = 1. This

gives ¢ fol 123dr =1 and so ¢ = 8. The marginal density of X is given by

fX(x):/ Srydy =42® for0<z <1
0

and fx(x) = 0 otherwise. The marginal density of Y is

1
fY(y)Z/ Srydr = 4y(1 —y?) for0<y<1
Yy

and fy(y) = 0 otherwise.

11E-9 The radius of the circle is v/ X2 4 Y2 and so its circumference is given
by V = 27r\/X2 + Y2 To find the desired probability, use the relation
P((X,Y) =[] f(z,y) dx dy. This gives

1—x
PV <2m) = P(X2+Y2§1):/ dx/ (x 4+ y)dy
0
! 1 11 2
:/ V1 —224+ (1 —2?) )do = -+ - ==,
0 2 3 3

11E-10 Let X and Y be the two random points at which the stick is broken
with X being the point that is closest to the left end point of the stick.
Assume that the stick has length 1. Al three pieces are no longer than half
the length of the stick only if X < 0.5, Y —X <0.5and 1-Y < 0.5. That is
(X,Y) should satisfy 0 < X < 0.5and 0.5 <Y < 0.5+ X. The joint density
function f(x,y) of (X,Y) is given by f(z,y) =2for 0 <z <y < 1 and 0
otherwise. To see this, note that X = min(U;,Us) and Y = max(Uy, Us),
where U; and U, are independent and uniformly distributed on (0, 1). For any
0<z<y<landdzr>0,dy > 0sufficiently small, P(x < X < x+4dzx, y <
Y <y +dy) is equal to the sum of P(x < U; < x+dx,y < Uy < y+dy)
and P(x < Uy <z +dx, y < U; <y—+dy). By the independence of U; and
Us, this gives P(x < X <z +dz,y <Y < y+ dy) = 2dxdy, showing that
flx,y) =2for 0 <z <y < 1. It now follows that

P(no piece is longer than half the length of the stick)

0.5 0.5+ 0.5 1
/ d:p/ Qdy:Q/ rdr = —.
0.5 0 4

11E-11 Using the basic formula P((X,Y) € C) = [[,, f(z,y) dz dy, it follows
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that
PX<Y) = — da;/ e 2t3-2) g

= 0.2231.
10

11E-12 Let Z = XY. Using the basic formula P((X,Y) € C) = [, f(x,y) dz dy,
it follows that

P(Z <z = / dx/ 2(y+1) dy—/ e (1 — e /) dy =
0

= (1—e?)(1—e7) forz>0.
Hence the density function of Z = XY is given by f(z) = 2¢ *(1 — e~ #) for
z >0 and f(z) = 0 otherwise.

11E-13 Let Z = X+Y. Using the basic formula P((X,Y) € C) = [[,, f(z,y) dz dy,
it follows that

Pz /dx/ (z+y)e @ dy = = /dx/ ue “d

1
= /( ‘txette T —e)dr=1—e*(1+2z+ =27
2 J, 2

for = > 0. Hence the density function of Z = X + Y is f(z) = 12%¢~

for z > 0 and f(z) = 0 otherwise. This is the Erlang density with shape
parameter 3 and scale parameter 1.

11E-14 (a) Let T be the time until neither of two components is still working.
Then T = max(X,Y). To evaluate P(T < t) = P(X < t, Y < t), we
distinguish between 0 <t <land 1 <t<2. For0<t<1,

P(X<t,Y<t) = /dx/ 20+2—2x)dy
— 4/0(t2+2t xt) dr = 0.25¢% + 0.375¢%.
For1 <t <2,
PX<t,Y<t) = /dx/ 2y +2—2x)dy
= Z/O(B—x)d:p—075t—0125t2

85



The density function of T is given by 0.75(t*+t) for 0 < ¢t < 1 and 0.75—0.25¢
for1 <t <2.

(b) The amount of time that the lifetime X survives the lifetime Y is given
by V = max(X,Y)—Y. The random variable V' is a mixed random variable
with a probability mass at v = 0 and a density on (0,2). The probability
P(V =0) is given by P(Y > X)) and so

1 1
P(V=0) = 1/0 dx/(?y—l—Q—:p)dy

I 3
= 1/0(3—3.%)611'—%.

To find the density of V' on the interval (0,2), we distinguish between the
cases 0 < v < land 1 <wv < 2. It is easiest to evaluate P(V > v). For
0<ov<l,

PV >v) = /dy/ (2y+2—x)dx
y+v

5 5 1
= 4/0(2y—15y —yv+2— 20+ 0.50%) dy = §_§U+§U2’
For 1 <wv <2,
PV >v) = / dy/ (2y+2—x)dx
= 1/ (2y — 1.5y% — yv + 2 — 20 + 0.50%) dy
0
1
= Z(—0-503+3v2—6v—|—4),
Hence the den51ty function of V on (0,2) is given by 2 ———v for0 <v <1

andby —15v+15frl1 <wv <2

11E-15 Since f(z,y) can be written of fx(x)fy(y) with fx(x) = e™* and
fy(y) = e7¥, the lifetimes X and Y are independent and have the same
exponential density. Using the memoryless property of the exponential dis-
tribution, it follows that the probability of a system failure between two
inspections is

T T
PX<T,Y<T) = / / e~ ") dady

T T
= / e dx/ e Vdy = (1 — e_T)z.
0 0
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Let the random variable D denote the amount of time the system is down
between two inspections. Then D =T —max(X,Y) if XY <T and D =0
otherwise. This gives

E(D) = // (T — max(z,y))e”“™) dady

= /0 mdx/O(T—x)eydy

This leads after some algebra to
T
E(D) = / (T —2)e*(1—e*)de =T —1.5—e T +0.5e "
0

11E-16 The expected value of the time until the electronic device goes down
is given by

E(X+Y) = // +y y) T —dudy

To find the density function of X + Y, we calculate P(X + Y > t) and
distinguish between 0 < ¢ < 2 and ¢ > 2. Obviously, P(X +Y >t) =1 for
0 <t < 2. For the case of t > 2,

t—
PX+Y >1t) = + [ 4
avsa = [ [T 2 [ [T w
t—1
8 8(t — 2)
- da = =
/1 +/t_1(x+1)3x 3 +t2

By differentiation, the density function ¢(t) of X + VY is g(t) = % for
t > 2 and g(t) = 0 otherwise.

11E-17 (a) Using the basic formula P((X,Y) = I f(z,y)dzdy, it
follows that -
Pz a0 = [ [ @b daa,
0 Jo

where the function x(a,b) = 1 for b* > 4a and x(a,b) = 0 otherwise. This
leads to the desired probability

) 1 b2 /4 Lpt b3
P(B?>4A) = [ &b b) da = db =
(B? > 4A) /0 /O (a+b)da /0 (32 4) 0.06875.
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(b) Letting the function x(a,b,c) = 1 for b* > 4ac and x(a,b,c) = 0 other-
wise, it follows that

1 1 1
P(B* > 4A0) = / / / x(a,b,c)f(a,b,c)dadbdec.
o Jo Jo

Any order of integration can be used to evaluate this three-dimensional in-
tegral. This leads to

1 b2 /4 1
P(B* > 4AC) = / db/ da/ x(a,b,c)f(a,b,c)de
0 0 0

1 1 1
—1—/ db / da / x(a,b,c)f(a,b,c)dc.
0 b2 /4 0
Next it is readily seen that

) 9 1 b2 /4 1
P(B* > 4AC) = 3 db da [ (a+0b+c)dc
0 0 0

9 1 1 b2 /(4a)
+—/ db/ da/ (a+b+c)dc.
3 Jo b2 /4 0
We find
1 b2 /4 1 L /A b3 B2
/db/ da/(a+b+c)dc:/ — +—+ — | db=0.110417

/ db/b2/4da/b2 " (a+b+c)de
- [0-DG-5)-FuE)] »

Using partial integration the integral fol % In <%> db can be evaluated as

1 [t p? b2\ | 4b 1 1 1
L[y (B [rihe) - d )
16 ), 4>db 16(b " 4>0 U ®) = 4) 24

This gives
1 1 b2/ (4a)
/ db / da / (a+ b+ c)de=0.183593.
0 b2 /4 0
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Hence the desired probability that Az? 4+ Bz + C' = 0 has two real roots is
given by P(B? > 4AC) = %(0.110417+ 0.183593) = 0.19601.

11E-18 By the independence of the chosen random numbers, the joint density
function of X;, Xy and X3is 1 x1 x1=1"for 0 < z1,29,23 < 1 and 0
otherwise. Let C' = {(x1,22,73) : 0 < 1, 29,23 < 1, 0 < 29+ + 3 < x1}.
Then

1 x1 xr1—x2
P(Xl > Xy —I—Xg) = /// dl’l dl’g d[L‘g :/ dl’l/ d[L‘Q/ dl’g.
C 0 0 0

This gives

1 T 1 1
P(X1 > Xo —I—Xg) = / dl’l/ (IL‘l — IL‘Q) dl’g = / 51’% dl’l
0 0 0
1
= X

Wl =

1
2 6
Since the events {X; > Xo + X3}, {Xo > Xi + X3} and {X5 > X; + X}

are mutually exclusive, the probability that the largest of the three random

numbers is greater than the sum of the other two is 3 x % = %

Remark. More generally, let X1, X5, ..., X, be independent random numbers
chosen from (0,1), then P(X; > X, 4 -+ + X,,) = = for any n > 2.

11E-19 The joint density of X; and X5 is given by f(x1, 22) = fx, (21) fx,(22) =
1 for 0 < zy,29 < 1 and f(z1,x9) = 0 otherwise. Hence

1 1—x1 1
P(X1+X2§1):/ dl‘l/ dl’zz—.
0 0 2

In the same way,

1 11—z l—z1—x2 1
P(X1+X2+X3S1)=/d:t1/ dxg/ dl’gzé.
0 0 0

Continuing in this way,

1
P(X1+X2+~~+Xn§1):m.

11E-20 To find the joint density of V' and W, we apply the transforma-
tion formula. The inverse functions = a(v,w) and y = b(v, w) are given
a(v,w) =vw/(14+w) and b(v,w) = v/(1+w). The Jacobian J(v,w) is equal
to —v/(1+ w)? and so the joint density of V' and W is given by

frw(w,w)=1x1x|J(v,w)| = Y for0<v<2andw>0

(14 w)?
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and fyw(v,w) = 0 otherwise. The marginal density of V' is

< 1
fv('l]):\/o\ mdwziv for0<ov<?2

and fy(v) = 0 otherwise. The marginal density of W is given by

fvv(’w)z/:(Ldv:L forw >0

1+ w)? (1+w)?
and fy(w) = 0 otherwise. Since fyw(v,w) = fv(v)fw(w) for all v,w, the
random variables V' and W are independent.

11E-21 It is not possible to obtain the joint density of V' and W by applying
directly the two-dimensional transformation rule. To apply this rule, we
write Vand WasV =X+Y and W = X —Y, where X = Z? and Y = Z3.
The probability densities of X and Y are easily found. Note that

P(X <x)=P(—/z <7 <Vzx)=0(Vx)— ®(/2) forz > 0.

Denoting by ¢(z) = \/%?6 27" the standard normal density. it follows that
the density fx(z) of X is

_1 _1 1
2 = ——x 2¢ 2 foraxz>0.

_Til
=
|
2

() = o(v/) 5o

This is a gamma density with shape parameter % and scale parameter %

The density function fy(y) of Y is the same gamma density. Since Z; and
Z5 are independent, X and Y are also independent. Hence the joint density

function fxy(z,y) of X and Y is given by

1 1 1
fxy(zy) = fx(z)fv(y) = %(3’73/)75 e 2 for z, y > 0.
The inverse functions = = a(v,w) and y = b(v,w) are a(v,w) = 3(v + w)
and b(v, w) = (v —w). The Jacobian J(v, w) is equal to —3. Next it follows

2
that the joint density of V and W is given by

1

1 1 1,
fvw(v,w) = 4—7T2(U2 —w?) 2>

forv>0and — oo < w < 0.

Since fyw (v, w) is not the product of a function of only v and a function of
only w, the random variables V' and W are not independent.
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11E-22 The inverse functions = a(v,w) and y = b(v, w) are given a(v,w) =
vw and b(v,w) = v(1 —w). The Jacobian J(v,w) is equal to —v and so the
joint density of V' and W is given by

fow (v, w) = pe ™™ pe | g = pPve™™ forv >0and 0 <w < 1

and fyw (v, w) = 0 otherwise. The marginal density of V' is

1
fv(v) = / prve M dw = pPve " for v >0
0
and fy(v) = 0 otherwise. The marginal density of W is given by
fw(w) = / prue " dv=1 for0<w<1
0

and fy(w) = 0 otherwise. In other words, V has the Erlang-2 density
with scale parameter p and W is uniformly distributed on (0,1). Since
fvw(v,w) = fy(v)fw(w) for all v,w, the random variables V' and W are
independent.

11E-23 (a) To find ¢, use the fact that ﬁ 1 e~2v"/9qy = 1 for any a > 0.
This gives

]_ = C/ dl‘/ xe—%z(l-{—gﬂ) dy — / Cl'e_%m dl'/ 6_%y2/(1/\/5)2 dy
0 0 0 0

oo 1 1 1

= / cae™2"(1/v/2)V2r o dw = c5v/2r 1(1.5) /05" = .
0

This gives

C= —.
™

The marginal densities of X and Y are given by

1 &0 1 2 1 1 1
_ —52(14y?) 7, _ 5,38
T) = — re 2 dy = r2e 2 forxz >0
fX( ) 7T/O Yy o
and | e Y
_ —la(+y?) .. _ T
= — re 2 dr = —>r—— fory > 0.
() n /0 (1+y?)? y

(b) Let V = YVX and W = X. To find the joint density of V and W,
we apply the transformation formula. The inverse functions x = a(v, w) and
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y = b(v,w) are given a(v, w) = w and b(v,w) = v/y/w. The Jacobian J(v, w)
is equal to —1/y/w and so the joint density of V and W is given by

1 1 1
fvw(v,w) = —we_w(H”Q/w)T = —we e 2" for v,w >0
T woom

and fy,w(v,w) = 0 otherwise. The densities fy(v) = [ fuw (v, w)dw and
Jw(w) = [5° fuw (v, w)dv are given by

NI

1
e 2% for w > 0.

fv(v) = \/ge_%UQ forv >0, fw(w)= \/%w

The random variable V' is distributed as |Z| with Z having the standard

normal distribution and W has a gamma distribution with shape parameter

3 and shape parameter 3. Since fyw(v,w) = fv(v) fw(w) for all v,w, the

random variables V' and W are independent.

11E-24 The marginal density of X is given by
fX(x):6/ (x—y)dy=32> for0<z<l1
0

and fy(z) = 0 otherwise. The marginal density of YV is given by

1
fY(y):6/ (x—y)de=3y*—6y+3 for0<y<1
v
and fy(y) = 0 otherwise. Next we calculate

BX) =2, o(X)= i\@ B(Y) = i (V) = /3780

and . N ) .
E(XY) :6/ d:c/ xy(x—y)dy:/ vidr = —.
0 0 0 5

This leads to

_1/5—(3/4) x (1/4)
pIX,Y) = (1/4)v/3 x /3/80

11E-25 The linear least square estimate of Dy given that D; — Dy = d is

= 0.1491.

a(D1)

E(Dl) + ,O(Dl — Dg, Dl)m

[d — E(Dy — Dy)]
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Using the independence of D; and D, we have
E(Dl—Dg):,ul—,ug, U(Dl—Dg):\/U%‘FO’g

COV(D1 — DQ, D1> = COV(Dl, D1> — COV(Dl, Dz) = O'% —0.

and

Hence the linear least square estimate of D is

2
07

——(d— )
u1+U%+U§( 1+ o)
Chapter 12

12E-1 Any linear combination of the random variables X and Y is of the
form aZ, 4+ bZ; for constants a and b. Since the normally distributed random
variables Z; and Z, are independent, the random variable aZ; + bZ5 has
a normal distribution for any constants a and b. This is a basic result for
the normal distribution (see Section 10.4.7 in the book). Hence any linear
combination of the random variables X and Y is normally distributed. It
now follows from Rule 12.3 in the book that the random vector (X, Y') has
a bivariate normal distribution. The parameters (uy, p2, 03,03, p) of this
distribution are easily found. We have py = E(X) =0, us = E(Y) = 0,
02 = 0% X) =10, 05 = 0*(Y) = 2. Since cov(X,Y) = E(XY) = E(Z? +
AZ\Zy +4Z3) = 1+ 4 = 5, it follows that p = 5/v/20 = 2V/5.

12E-2 Since V and W are linear combinations of X and Y, the random vector
(V, W) has a bivariate normal distribution. The random variables V' and W
are independent if and only if cov(V, W) = 0. It holds that

cov(V,IW) = cov(aX, X)+ cov(aX,aY) + cov(Y, X) + cov(Y,aY)
a— 050" — 0.5+ a = —0.5a" + 2a — 0.5.

The solutions of the equation —0.5a 4 2a — 0.5 = 0 are given by a = 2+ /3
and @ = 2 — /3. The random variables V and W are independent for these
two values of a.

12E-3 Define the random variables V and W by V = X and W = pX +
/1= p*Z. Any linear combination of V and W is a linear combination
of X and Z and is normally distributed, using the fact that X and Z are
independent and normally distributed. Hence the random vector (V, W) has
a bivariate normal distribution. The parameters of this bivariate normal
distribution are given by E(V) = 0, E(W) = 0, (V) = 1, o*(W) =
PP+ 1—p* =1, and p(V,W) = E(VW) = E(pX? + /1 - p*ZX) = p.
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Hence the random vector (V, W) has the same standard bivariate normal
distribution as (X, Y).

12E-4 Since P(X > 0) = 3, we have P(Y > X | X > 0) =2P(Y > X, X >
0). Next we use the result that (X pX + /1 —p*Z ) has the same bivariate

normal distribution as (X,Y’), where Z is an N(0,1) distributed random
variable that is independent of X, see Problem 12E-3. Hence
Vi=p

1 —
_mY>X|X>m:ﬂP<Z>——J%xX>w>.

This gives

PY>X|X>0)= 3/ e 2" dx/ e 2% dz.
21 Jo (1=p)e/r/1-72

Using polar coordinates, we find
1
oo oo Eﬂ. oo
/ e 2" dx/ e dy = / / e 2" dr do
0 ax arctg(a) 40
s
2

for any constant a > 0. This gives
1 1 1—p
PY>X|X>0)=-——arctg | — | .
Y>X|X>0) 5 7Tarcg(\/m>
(b) Write P(Y/X <1) as
Y
P(ygl):P(YSX,X>O)+P(YZX,X<0).

Using the result of Problem 12E-3, it next follows that

Y 1—0p
Pli<1) = Plz<——L x x>0
(X_> ( SV )
1_
+P<Z2———£—X4X<O>.

Hence



counts observed expected
0 57 54.3768
1 203 210.4604
2 383 407.2829
3 525 525.4491
4 532 508.4244
5 408 393.5610
6 273 253.8730
7 139 140.3699
8 45 67.9110
9 27 29.2046
10 10 11.3034

> 11 6 5.7831

Using the method of polar coordinates to evaluate the integrals, we next find

P (Z < 1> = 1 + larctg (1—7,0) :
X~ 2 7 m

12E-5 By the definition of the multivariate distribution, the random variables
o Xy + -+ a,X, and b)Y + --- + b,,Y,, are normally distributed for any
constants aq,...,a, and by,...,b,. Moreover, these two random variables
are independent (any two functions f and g result into independent random
variables f(X) and ¢(Y) if X and Y are independent random vectors). The
sum of two independent normally distributed random variables is again nor-
mally distributed. Hence a1 X7 + - -+ a, X, +b1Y1 + - - -+ b,,Y,, is normally
distributed for any constants ay, ..., a, and by, ..., b, showing that (X, Y)
has a multivariate normal distribution.

12E-6 The value of the chi-square statistic is

(60.179 — 61, 419.5)> (61,334 — 61,419.5)?

= 642.4
61,419.5 ot 61,419.5 64246

The chi-square distribution with 12-1=11 degrees of freedom is used in the
test. The probability x3,- distributed random variable takes on a value larger
than 642.46 is practically zero. This leaves no room at all for doubt about
the fact that birth dates are not uniformly distributed over the year.

12E-7 The parameter of the hypothesized Poisson distribution describing the

number of counts per time interval is estimated as 120%00%4 = 3.8704. We form
Y
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12 groups of time intervals by taking together the time intervals with 11 or
more particles. In the table we give the expected Poisson frequencies. The
value of the chi-square statistic is given by

(57 — 54.768)* (203 — 210.4604)> (6 — 5.7831)>

e =11.613.
54.3768 * 210.4604 ot 5.7831 013

Since the parameter of the hypothesized Poisson distribution has been esti-
mated from the data, the chi-square distribution with 12—1—1 = 10 degrees
of freedom is used for the test. The probability P(x%, > 11.613) = 0.3117.
The Poisson distribution gives a good fit.

12E-8 The parameter of the hypothesized Poisson distribution is estimated

as
37

78
vacancies per year. The data are divided in three groups: years with 0
vacancies, with 1 vacancy and with > 2 vacancies. Letting p; = e *\/i!, the
expected number of years with 0 vacancies is 78py = 48.5381, with 1 vacancy
is 78p; = 23.0245 and with > 2 vacancies is 78(1 — py — p1) = 6.4374. The
chi-square test statistic with 3 —1 — 1 = 1 degree of freedom has the value

A

(48 — 48.5381)> n (23 — 23.0245)? n (7 —6.4374)>
48.5381 23.0245 6.4374

= (0.055.

The probability P(x? > 0.055) = 0.8145, showing that the Poisson distri-
bution with expected value A = % gives an excellent fit for the probability
distribution of the number of vacancies per year.

Chapter 13

13E-1 Let X be equal to 1 if the stronger team is the overall winner and let
X be equal to 0 otherwise. The random variable Y is defined as the number
of games the final will take. The joint probability mass function of X and Y
satisfies

k—1
P(X=0,Y =k) = ( 5 )(0.45)4(0.55)“ fork=4,...,7

It now follows that the conditional probability mass function of Y given that
X =0 is given by

PY=k X=0)  (*;1)(0.45)%(0.55)k*

P(X =0) >0 (751 (0.45)4(0.55)
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This conditional probability has the numerical values 0.1047, 0.2303, 0.3167,
and 0.3483 for k =4, 5, 6, and 7.

13E-2 First the marginal distribution of X must be determined. Using the
binomium of Newton, it follows that

P(in):;:(:) (é)ke)nk: (%—f-é)n n=1,2,....

That is, the random variable X is geometrically distributed with parameter
%. Hence the conditional distribution of Y given that X = n is given by

Py — k) x =y = WG QT (}) (1)"2@ F=01, . n

ORUAC

Remark. Using the identity >0, (1)a"™* = (1 — a)7*7! for |a| < 1, it is
readily verified that the marginal distribution of Y is given by P(Y = 0) =

s and P(Y = k) = %(i)k for k = 1,2,.... For kK = 0 the conditional

distribution of X given that Y = k is

P(in\YzO)zQ(—) , n>1,
while for £ > 1 the conditional distribution of X given that Y = £k is
2\ 79\ KL s\ "k
P(X=n|Y=k)= - = > k.
enr=n=()G) ) e
13E-3 The conditional expected value E(X | Y = 2) is computed from

E(X|Y:2):1><P(X:1|Y:2)+§:¢P(X:¢|Y:2).

i—3

~

It holds that P(X =1,Y =2) = ¢ x 1 and
4 1 (5\7° 1
PX=i4,Y=2)==-x=x|{= x — fori>3
6 6 6 6

Hence,byP(X:z’\Y:Q):w

1
6" P(Y=2)

1 4 (5\"°
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This leads to

o0

1 4 (5\"°
E(X|Y:2):g+2i%(6) = 6.6.

i=3
In a similar way E(X | Y = 20) is computed. Using the expressions

4 i*ll 5 1971‘1

AN ] 75N\ 2
PX=iY=2)= (-] =(2) = fori>2l,
6 \ 6 6
we find that E(X | Y = 20) = 5.029.

6
13E-4 By f(z, y) = fx(z)fy(y | x), it follows that
flz,y)=2 for0<z<l,0<y<czx

and f(z,y) = 0 otherwise. This leads to the marginal density fy(y) =

J; fla, y)de =2(1—y) for 0 <y < 1. By f(z, y) = fy(y) fx(x | y), we next
find for any y with 0 < y < 1 that

1
fX(x\y):?y fory <z <1

and fx(z | y) = 0 otherwise. This leads to

T 1 1
dr = ——(1 —y*) = =(1 0<y<l

13E-5 The approach is to use the relation f(x,y) = fx(z)fy(y | ) and
to simulate first a random observation for x from fx(z) and to simulate
next a random observation for y from fy(y | ). It follows from fx(x) =

f;o f(x, y)dy that

POy =)= [

fx(x)=e* foraz>0.
Next, by fy(y | z) = f(z, y)/fx(z), it holds for any = that
frly|z)=e W  fory>uz.

Hence the marginal density fx(x) is the exponential density with parameter
1, while, for fixed x, the conditional density fy(y | ) is the exponential den-
sity with parameter 1 shifted to the point . A random observation from the
exponential density can be obtained by the inverse-transformation method.
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Hence a random observation from f(z, y) can be simulated as follows:

Step 1. Generate two random numbers u; and wus.
Step 2. Output z = —1In(u;) and y = z — In(uy).

13E-6 The marginal density of the lifetime X of the first circuit is given by

24 8
x) = ——dy=—+—— forx>1
o= [ G e
and fx(x) = 0 otherwise. Hence the conditional density of the lifetime of
the second circuit given that the first circuit has failed after s time units is
given by
fls,y) _ 3(s+1)°

fy(y|s) = e (s) = (51 ) fory > 1

and fy (y | s) = 0 otherwise. Hence the expected value of the lifetime of the

second circuit given that the first circuit has failed after s time units is given
by

EY | X=s) = [Wy%dy:—(s—l—l)?’/lmyd(s—l—y)?’

[e.9]

= 1—1—(3—1—1)3/ (s+y)*dy =055 + 1.5.
1

The probability that the second circuit will work more than v time units
given that the first circuit has failed after s time units is equal to

o0 (s+1)°
/v fr(y|s)dy = o) for v > 1.
13E-7 Suppose you mark m boxes. Let the random variable G be the gain
of the game. The random variable G' can be represented as

G:X1++Xma

where X}, is the gain obtained from the ith of the m marked boxes. The ran-
dom variables X, ..., X,, are identically distributed but are in general not
independent. To find E(G) = Y -, E(Xj), we condition upon the random
variable Y which is defined to be 1 if the box with the devil’s penny is not
among the m marked boxes and is 0 otherwise. By the law of conditional
expectation, F(Xy) = E(X; | Y =0)P(Y =0)+ E(X; | Y = 1)P(Y =1).
Since F(Xy | Y =0)=0and P(Y =1)=1— 2 | it follows that

11

B(Xi) = B(X, | Y =1) (1- )
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The conditional distribution of the random variable X} given that Y =1 is
the discrete uniform distribution on aq,...,a19. Hence, for all k,

10
my 1
B(X,|Y =1)= 102% and  E(X;) = (1—ﬁ>E;az

Inserting the expression for F(X}) into E(G) = >"/", E(X},) gives

E(G) :m<1—%> 1—10 izlai.

The function (1 — %) of the continuous variable x is maximal for z = 5.5.
The maximal value of F(G) as function of m is attained for both m = 5
and m = 6. Hence the optimal decision is to mark 5 or 6 boxes in order to
maximize the expected gain of the game. The choice m = 6 is more risky.
Taking m =5 or m = 6 in the expression for E(G), we find

maximal value of the expected gain = I Z a; dollars.

Remark. Using the reasoning as in the derivation of F(G), we find that

10

E(G2>:( 11) [102’“ 10><91) 2 a’“‘“]'

k,1=1, 1k

The standard deviation of the gain next follows from o(G) = \/E(G?) — E2(G).

13E-8 (a) Let the random variable Y be the number of heads showing up in
the first five tosses of the coin. Then,

1
E(X|Y:y):y+§y for 0 <y <5.

Hence, by E(X) = 22:0 EX |Y =y)P(Y =vy), we have E(X) = E(Y) +
TE(Y). Noting that E(Y) = 2, it follows that E(X) = > = 3.75.

(b) Let the random variable Y be the outcome of the first roll of the die.
Then,

1
E(X|Y =y)=0d6-y) +zy for0<y<6,

1 and 6(k) = 0 for k # 0. Hence by E(X) =30 (E(X |
Y =y)P(Y =y), we get E(X) =+E(Y)+ ¢ x 1. Since E(Y) = 3.5, we find
4
0
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13E-9 Using the formulas for the expected value and variance of the uniform
distribution, it follows that

l—y+1+y
BX|Y =y) = ——2 =1,
2
1+y—(1- 2
BX?|Y =) = ylé ) R

Denoting by fy(y) the density of Y, it follows from the law of conditional
expectation that

B(X) = / E(X|Y =) fr(y)dy =1,

5 = [0y = peay =0 s1=3 41

3 3
Hence the expected value and the variance of X are both equal to 1.

13E-10 By the convolution formula,

P(Xi+X;=7) = p(l—p)*'p(l —p) "

This gives

PXi=j,X1+Xo=r)
P(Xl + XQ = T’)
p(L—p)~tp(l—pyr—~7=t 1

S p(l—p)kip(l—pyr—h-t  r—1

In other words, the conditional distribution of X; given that X; + X5 = r is
the discrete uniform distribution on 1,...,r — 1.

P(X1:j|X1+X2:T) =

13E-11 The number p is a random observation from a random variable U
that is uniformly distributed on (0,1). Let the random variable X denote
the number of times that heads will appear in n tosses of the coin. Then, by
the law of conditional probability,

1 1
PX =k = [ PO =k (U =pao= [ (])rra o
0 0
for k =0,1,...,n. Using the result for the beta integral, we next obtain

| —_ |
PX=k=(" ol 0L S S
k) (n+1)! n+1
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13E-12 Let V = X; and W = X; 4+ X,. To find the joint density function of
V and W, we apply the transformation rule from Section 11.4. The inverse
functions a(v,w) and b(v,w) are given by a(v,w) = v and b(v,w) = w — v.
The Jacobian J(v,w) = 1. Hence the joint density function of V and W is
given by

fow (v, w) = pe " pe M=) = 2e7H for 0 < v < w

and fyw(v,w) = 0 otherwise. The density function of W is given by
Jopte ™ dy = pPwe* for w > 0 (the Erlang-2 density with scale pa-
rameter p). Hence the conditional density function of V' given that W = s
is equal to

2 ,—us 1
e
fv(v|s) e s or v<s

and fy (v | s) = 0 otherwise. In other words, the conditional probability

density function of X; given that X; + Xy = s is the uniform density on
(0, s).

13E-13 The joint density function f(6,7) of © and R is given by f(6,r) =
%re*%’ﬂ for —m < § < m and r > 0. To find the joint density function of
V and W, we apply the transformation rule from Section 11.4. The inverse
functions 6 = a(v, w) and r = b(v, w) are given by a(v,w) = arctg(w/v) and
b(v,w) = vVv?+w?. Using the fact that the derivative of arctg(x) is equal
to 1/(1 + z?), we find that the Jacobian J(v,w) = —v/v? +w?. Hence the

joint density function of V' and W is equal to
fvw(v,w) = 2—(1)2 + w2)6_%(”2+w2) for — oo <v,w < 0.
™

Using the fact that \/%7 ffooo e~ dv = 1 and \/%7 ffooo v2e 3 dy = 1, it
follows that the marginal density function of W is given by

fww)=—=>10+ w2)e_%w2 for —oo <w < o0.

V2r

The random variable V' has the same marginal density as W. The conditional
density function of V' given that W = w is equal to

1 2 2
fr(v|w) = VW g for —oo <v < o0.

CVor L+w?
Since ffooo vke=2v" dv = 0 for both k = 1 and k = 3, it follows that

v3+vw2 1.2

1 o0
e 2 dv=0 for all w.
V2 /_oo 1+ w?
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13E-14 By the law of conditional probability,
1
P(N:k):/ P(N=Fk|X;=u)du fork=2.3,....
0

The conditional probability distribution of N given that X; = u is a shifted
geometric distribution with success parameter p = 1 — u. Hence

1
1
P(N =k) = =21 —wdu= ———  fork=2.3,....
( >/Ou< wdu = oy fork =23,

The expected value of N is given by E(NN) = oc.

13E-15 By the law of conditional probability and the independence of X, Y
and Z,

PV=v,W=w) = Y PX+Y=v,X+Z=w|X=1x)P(X =z

x=0
min(v,w)
= Z PY=v—z, Z=w—-2)P(X =1x)
=0
min(v,w) Aoz \w— A
_ e—)\(v—a}) e—)\(w—z) e—)\a:_
o —7)! (w— ) 7!
g (v—2a)! ! !
This gives
min(v,w) A7
PV =uv, W=w)=e \"t =0,1
( v w)=e xZ:O (v—2)(w— )2V’ GU=Ea

13E-16 For the case of n cars, let the random variable X,, be the number of
clumps of cars that will be formed and the random variable Y be the position
of the slowest car on the highway. Under the condition that Y = ¢ the
conditional distribution of X, is the same as the unconditional distribution
of 1+ X,,; for i« = 1,...n, where Xq = 0. By the law of conditional
expectation, we find

E(X,) = Z % 1+ BE(X,_:)].

The solution of this recursion is given by

1
E(X,) = ZE for n > 1.



13E-17 Let ¢ be the constant for which E(X | Y = y) = ¢ for all y. Then
E(X) = ¢. To see this, denote by fy(y) the marginal density function of Y
and use the law of conditional expectation to obtain

B0O = [BOCIY =)y =c [ frw)dy=c
y y
Also, by the law of conditional expectation,

B(XY) = / E(XY |Y = y)fy(y) dy = / YE(X Y =) fr(y) dy

y y
= ¢ [ utvlv) dy = ECOEY).
y
This shows that cov(X,Y) = E(XY) - E(X)E(Y) =0.
13E-18 For any 0 < z < 1,

P(U; < U, > U Td “ g
P(Ulgl"U1>U2): (1_.1', 1 2)_f0 ulfo u2: 2

P(U1>U2) n 1/2
and
T 1
PU, <z, Uy > U duy |, dus 1

Thus the conditional densities of U; and U, given that U; > U, are defined
by 2z and 2(1 — x) for 0 < x < 1 and are zero otherwise. This gives

! 2 ! 1
E(U, | Uy > Us) :/ r2xdr = 3 E(Uy | Uy > Us) :/ x2(1—z)dx = 3
0 0
13E-19 The density functions of X and Y are fx(x) = \e™** for z > 0 and
fy(y) =Xe™* for y > 0. By P(A| B) = P(AB)/P(B),

PX<z, X>Y

PX <o X >Y) = T )=2/Oxfx(U)dU/0ufy(y)dy,x20

and

PY <y X>Y) _ [ S
P(X >Y) _QAfWWMA fx(@)de, y > 0.

Differentation shows that the conditional density of X given that X > Y
is 2fx(x) [y fy(y)dy = 2 e™**(1 — e7**) for x > 0, while the conditional

PY <yl[X>Y)=
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density of Y given that X > Y is 2fy(y) fyoo fx(z)de = 2 e e M for
y > 0. This gives

o 3
EX|X>Y)= / 22\ (1 — e M dr = —,
; 2A

1

EY|X>Y)= / Y2 e Me N dy = —.
; 2\

13E-20 The two roots of the equation x? + 2Bz + 1 = 0 are real only if
|B| > 1. Since P(|B| > 1) = P(B < —1) + P(B > 1), the probability of two
real roots is equal to

P(IB| > 1) = ®(—1) + 1 — ®(1) = 2[1 — ®(1)] = 0.3174.

The sum of the two roots is —2B. To determine the conditional density
function of —2B given that |B| > 1, note that P(—2B < z||B| > 1) is given
by

P(B > —5z, |B| > 1)
P(|B| = 1)

P(-2B < o||B|> 1) = P(B > —1a]|B| > 1) =

We have P(B > —3x, |B| > 1) = P(B > 1) for =2 < z < 2. Further
1 P(B> —1z)=1—&(-1x), < -2
2 P(—32 < B<—1)=®(—-1) - ®(—37), z > 2.

Denoting by ¢(x) = \/%76_%“”2 the standard normal density, it now follows

that the conditional probability density function of —2B given that |B| > 1
is equal to T¢(—3z)/[1 — ®(1)] for both < —2 and = > 2 and is equal to 0
for —2 < x < 2.

13E-21 Let the random variable T" be the transmission time of a message and
N be the number of newly arriving messages during the time 7. Under the
condition that T" = n, the random variable N has a binomial distribution
with parameters n and p. Hence, by the law of conditional expectation,

E(N)=> E(N|T =n)a(l-a)""

n=1

and

E(N*)=> E(N*|T =n)a(l —a)"".

n=1
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The first two moments of a binomial distribution with parameters n and p are
given by np and np(1 — p) +n?p?, while the first two moments of a geometric
distribution with parameter a are given by é and % + a% This gives

E(N) = ana(l —a)" ! = b

and
E(N*) = Y (np(1 —p)+n’p’)a(l —a)""
_ p(la—p) +p2(2az— a)

Hence the expected value and the standard deviation of the number of newly
arriving messages during the transmission time of a message are given by p/a
and /pla(l — p) + p(1 — a)]/a.

13E-22 Let the random variable Y denote the number of messages waiting in
the buffer. Then P(Y = y) = p(1—p)¥~! for y > 1. By the law of conditional
probability,

o0 B [e.o] 1 B
PX=z)= )Y PX=z|Y=ypl-p'=> —pl-p"
y=z+1 y=z+1
for # = 0,1,.... Using the formula }>° % = —1In(1 — u) for |u| < 1, the
expression for P(X = z) can be written as
p - 1 y—l
P(X =a) = - In(p) - Z;p(l —p)

y=1

Using the fact that the discrete uniform distribution on 0,1,...,y — 1 has
expected value %(y — 1), the expected value of X is calculated from

= 1 1/1

EX) =S BX|Y=ypl-p =3 (y—1)p(1- H:-(--l).
(X)=) E(X| y)p(1—p) ZQ(Z/ )p(1=p) A

y=1 y=1
13E-23 Given that the carnival master tells you that the ball picked from
the red beaker has value r, let L(r) be your expected payoff when you guess
a larger value and let S(r) your expected payoff when you guess a smaller
value. Then
r/2 110 —r?

1 r/2 1
L(r) = — E+ L2 (10— 1)+ L2 =
(r) >k 10~ 0=+ 1)+ =0 20
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and
r—1

1 r/2 1 r/2  r?
5(r) 10; LTI e Ty

It holds that L(r) > S(r) for 1 < r < 7 and L(r) < S(r) for 8 < r < 10,
as follows by noting that 110 — 22 = 22 has * = v/55 ~ 7.4 as solution.
Thus, given that the carnival master tells you that the ball picked from the
red beaker has value r, your expected payoff is maximal by guessing a larger
value if r < 7 and guessing a smaller value otherwise. Applying the law of
conditional expectation. it now follows that your expected payoff is

7
110—-r2 1 1

277’ X —+Zr— X — = 4.375 dollars

20 10 20 10

k=1 k=8
if you use the decision rule with critical level 7. The game is not fair, but the
odds are only slightly in favor of the carnival master if you play optimally.
Then the house edge is 2.8% (for critical levels 5 and 6 the house edge has

the values 8.3% and 4.1%).

13E-24 For the case that you start with n strings, let X,, be the number of
loops you get and let Y,, = 1 if the first two loose ends you choose are part of
the same string and Y,, = 0 otherwise. By the law of conditional expectation,

E(X,) = E(X, | Y, =1)P(Y, =1)+ E(X, | Y, = 0)P(Y, = 0) and so

E(X,) = [1+E(X,.1)] in— -+ B(Xy) (1 — in— 1)

1
= 2n_1+E(Xn,1) forn=1,2,..., N,

where E(X,) = 0. This gives E(X,) = Y27 Tforn=1,...,N.

i=1
13E-25 (a) Denote by N the Poisson distributed random variable you sam-
ple from. Let X be the number of heads you will obtain. By the law of
conditional probability, for any £ =0,1,...,

P(X=k) — gp(xzkw:n)P(N:n):i(Z) (%)nen—_,l

_ e M2 @2t e (1/2)F :%
Y ;(n—k)!_ Ko C
ey

Ko
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In other words, the number of heads you will obtain is Poisson distributed
with an expected value of 0.5.

(b) Let the random variable U be uniformly distributed on (0, 1). Then, by
conditioning on U,

1 Lk
PX=k=| PX=k|U=udu= [ e“—du.

This integral can be interpreted as the probability that an Erlang-distributed
random variable with shape parameter k£ + 1 and scale parameter 1 will take
on a value smaller than or equal to 1. This shows that

P(X =k)= Z e~ fork=0,1,....
j=k+1

13E-26 By the law of conditional probability,

o0 k 1— r
P(N _ k?) — / e—x% Pt [( p)/p] e—(l—p)z/pdl,
O .
Ty

I(r)
(1-p) /OO +k—1_—a/p
N 4 T x d .
Kooy S, ¢

Since the gamma density 2" 7%~1(1/p)"tke=*/? /T'(r 4 k) integrates to 1 over
(0, 00), it next follows that

L(r+k) ,

P(N =k)= RIT(r) p"(1l—p) fork=0,1,....

In other words, the random variable has a negative binomial distribution,
where the scale parameter r is not necessarily integer-valued.

13E-27 The random variable Z has the probability density function f(x) =
\/%e’%g”2 for > 0. The constant ¢ such that f(z) < cg(x) for all x is eas-
ily found. Since f(x)/g(z) = \/2/m e 2", it follows by differentiation that
f(x)/g(x) is maximal at x = 1 and has \/2e/7 as its maximal value. Hence

¢ = \/2¢e/7 (~ 1.32). Note that f(z)/cg(z) = e 2="V* The acceptance-
rejection method proceeds as follows:

Step 1. Generate two random numbers u; and uy. Let y = —In(u;) be the

random observation from the exponential density with parameter 1.
1 . .
Step 2. If uy < e 2"D* then v = — In(uq) is a random observation for the
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random variable |Z|. Otherwise, return to Step 1.

Suppose that v is a random observation for the random variable |Z|. Then a
random observation z from the standard normal density follows by generating
a random number v and taking z = v if v < 0.5 and z = —v otherwise.

13E-28 Let the random variable © represent the unknown probability that
a single toss of the die results in the outcome 6. The prior density of ©
is given by fof)) = & for 6 € (0,1,0.4). The posterior density f(0 | data)
is proportional to L(data | 6)fy(6), where L(data | 8) = (32)67(1 — )22,
Hence the posterior density is given by

075(1 - 9)225

0.4
0g (1 — )2 do

f(0| data = for 0.1 < 6 < 0.4.

and f(6 | data = 0 otherwise. The posterior density is maximal at § =
7515225 = 0.25. The solution of [; f(f | data)df = « is given by 0.2044 for
a = 0.025 and by 0.3020 for o = 0.975. Hence a 95% Bayesian confidence

interval for 6 is given by (0.2044, 0.3020).

13E-29 Let the random variable © represent the unknown probability that
a free throw of your friend will be successful. The posterior density function
£(0 | data) is proportional to L(data | ) fo(6), where L(data | ) = (7)67(1—
0)3. Hence the posterior density is given by

c107(1 — 0)316(6 — 0.25)  for 0.25 < 6 < 0.50,

f(0 | data) =
c107(1 - 0)216(0.75 — 6)  for 0.50 < 6 < 0.75,

where
0.50 0.75
c= 16/ (1 — 2)*(x — 0.25)dz + 16/ 2" (1 - 2)%(0.75 — x)dx.
0.25 0.50
The posterior density f(6 | data) is zero outside the interval (0.25,0.75).
Numerical calculations show that f(6 | data) is maximal at § = 0.5663.
Solving [, f(0 | data)dd = a for o = 0.025 and 0.975 leads to the 95%
Bayesian confidence interval (0.3883,0.7113).
13E-30 The likelihood L(data | 6) is given by
1 1 2 2
L(data | §) = ———e 2(t1=0"/o1,
(data | 6) s

where t; = 123 is the test score. Hence the posterior density f(0 | data) is

proportional to
e 3(t=0?/0F o o—5(0—p0)*/o]
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Next a little algebra shows that f(# | data) is proportional to e2(@-#?/o*
where

2t 9 2.2
_NUTO0 4184 and o2 = 001 _y5
oy + 01 7%+ o1

In other words, the posterior density is a normal density with an expected
value of 118.4 and a standard deviation of 6.708. The posterior density
is maximal at § = 118.4. Using the 0.025 and 0.975 percentiles -1.960 and
1.960 of the standard normal distribution, a Bayesian 95% confidence interval
for the true value of the IQ is calculated as (u — 1.9600, i + 1.9600) =
(105.3,131.5).

Chapter 14

14E-1 Put for abbreviation p, = P(X = n). By the definition of Gx(z), we
have GX(_1> = Zzo:o Pon — ZSLO:O Pon+1- A1507 ZSLO:O Don + Zzo:oanJrl =1.
Hence Gx(—1)+1=2>"" pan, showing the desired result.

14E-2 Let the random variable X be the outcome of the first roll of the die.
By conditioning on X,

1 1 :
B =N "B X =)= 2N B(gtXat 4
(5= Y SB[ X =)= £ Y B )
Jj=1 j=1
where X, ..., X; are independent random variables each having the discrete

uniform distribution on {1,2,...,6}. This gives

ES_16j1 1, 14\’
(z7) = 622 62—1—62 —|—---—|—62

Using the first two derivatives of E(z), we find E(S) = 15.75 and E(S?) =
301.583. Hence the expected value and the standard deviation of the sum S
are given by 15.75 and 1/301.583 — 15.752 =7.32.

14E-3 The random variable X is distributed as 1+ X; with probability p and
distributed as 14 X5 with probability 1 —p. By conditioning on the outcome
of the first trial, it follows that E(2%) = pE(z**1) 4+ (1 —p) E(21**2). Hence

B(=X) = pzE(z") + (1 — p)zB(=*2).
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The random variable X is equal to 2 with probability p?, is distributed as
1 + X5 with probability 1 — p and is distributed as 2 + X, with probability
p(1 — p). This gives

E(z) =p*2" + (1= p)2E(2™) + p(1 - p) E(™)
By the same argument

E(z?) = (1= p)*2* +pzB(z") + (1 - p)pE(™).
Solving the two linear equations in E(z**) and E(2*?) gives

P’z + (1= p)*2° +p(1 = p)*2*
1—[(1—p)pz* +p(1 —p)z* + p*(1 — p)?2*]

E(zY) =

By interchanging the roles of p and 1 — p in the right-hand side of this
expression, the formula for F(2*2) follows. We can now conclude that the
generating function of X is given by

p*2® +p(1 —p)*zt + p*(1 — p)32°
1 —[(1=p)pz2+p(1 = p)z3 + p*(1 — p)224
(1—p)3P22 4+ (1 —p)p*2* 4+ (1 — p)?p*2°
1—[p(1=p)22+ (1 —p)pz®+ (1 — p)?p224]

E(ZX)

For the special case of p = % (fair coin), this expression can be simplified to

X (1/4)2°
BE) =y n =

Remark. By differentiating E(z%) with respect to z and putting z = 1, we
find after tedious algebra that

E(X) = A(p) + A(1 - p),

B 29 — 528 + 627 + 5xb — 162° + 112* + 72® — 1022 + 4z

Az 5
(@) (1-22(1—=z)— (1 —x)%?)

As a sanity check, E(X) = 7 for the special case of p = % It is always a good
plan to check your answers, if possible, by reference to simple cases where
you know what the answers should be.
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14E-4 The moment-generating function

o Tren ™

is defined only for —1 < ¢ < 1. Using the change of variable u = 1/(1 + €*)
with ¢ = —e” /(1 + e”)?, it follows that

L1\
Mx(t):/ ( u> du for —1<t<1.
0

u

This integral is the well-known beta-integral fol u” (1 — u)' du that can be
evaluated as I'(1 +¢)I'(1 — t), where I'(z) is the gamma function. Using the
fact that the derivative of the function a” is In(a)a” for any constant a > 0,
it is easily verified that

to1- ! 1—
M (0) = / In ( u) du and M (0) = / In? ( u) du.
0 u 0 u

The two integrals can be evaluated as

/0 [In(1 —u) — In(u)]du = 0, /0 [21n%(u) — 21In(u) In(1 — u)]du = —

showing that E(X) =0 and 0?(X) = %2
14E-5 The relation M (t) = e! Mx(—t) can be written as E(e!*) = e E(e ) =
E(e!'=%)) and is thus equivalent with

Mx(t) = My_x(t) for all t.

Since the moment-generating function determines uniquely the probability
distribution, it follows that the random variable X has the same distribution
as the random variable 1 — X. Hence E(X) = E(1 — X) and so E(X) = 1.
The relation Mx (t) = e’ Mx(—t) is not sufficient to determine the density of
X. The property is satisfied for both the uniform density on (0, 1) and the

beta density 6z(1 — ) on (0, 1).
14E-6 (a) Chebyshev’s inequality states that

[\

o
c2

P(X —ul>c¢) < for any constant ¢ > 0.

Taking ¢ = ko, it follows that the random variable X falls in the interval
(u — ko, u + ko) with a probability of at least 1 — 1/k* The inequality
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1 —1/k? > p leads to the choice k = 1/4/1 — p.
(b) For any constant a > 0,

o2 o2

P(X > < P(IX—u|l>a) < P(|X—p|> < <
(X > p+a) < P(|X—p| > a) < P(| u\_a+o)_(a+a)2—a2+aga

where the third inequality uses Chebyshev’s inequality.
14E-7 (a) The moment-generating function of X is given by

1 1 et_eft
Mx(t)z/ etxadx:tl( 5 ) for —oo <t < o0.

1

The function (e’ — e™*) is also known as sinh(¢) and has the power series

representation ¢ + g + 2—5, + .-
(b) Put for abbreviation X,, = 2(X; +---4 X,,). Using the assumption that
the X; are independent, it follows that the generating function of X, satisfies

t t t
M, (1) = e X)X ok
n

Using the result in (a), we get

This gives

. t -n t/n _ —t/n\"
P(X, >c)=mine (—> (L> .
t>0 n 2

Next we use the inequality

1 P

§(et—6_t):t+§+g+---§tet2/6 for t > 0.
Hence

— 2
P(X, > ¢) = mine e /o,
>0
The function e~ (“~#*/6) takes on its minimal value for ¢t = 3cn. This gives
— 3

the desired bound P(X, > ¢) < e 2" for ¢ > 0.

14E-8 The moment generating function Mx(t) = E(e'X) is given by

o An
Mx(t) = Zem e’)‘m =M o <t < 0.
n=0 )
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To work out P(X > ¢) < mingge”““Mx(¢), consider the function a(t) =
ct+ A1 —¢€) for t > 0. Since ¢ > A, this function is increasing at ¢t = 0 with
a(0) = 0. Further a(t) tends to —oo as t gets large. Putting the derivative
of a(t) equal to zero, we find t = In(¢/\). We can now conclude that the
function e™“*Mx (t) on (0,00) takes on its absolute minimum at the point
t =In(c/A) > 0 provided that ¢ > A. This gives the Chernoff bound

A C
P(X>¢) < (—) e,
c
14E-9 The extinction probability is the smallest root of the equation u =
P(u), where the generating function P(u) is given by

S P
P(u) :Zp(l_p)kuk =1 1= pu for |u| < 1.
k=0

Writing the equation u = ﬁ as (1 —p)u? —u+p =0, it follows that

the equation u = P(u) has the two roots u = & and v = 1. Hence the

extinction probability is ﬁ if p < % and is 1 otherwise.

14E-10 Let X (¢) be the number of orders present at time ¢. The continuous-
time process { X (f)} regenerates itself each time a production run is started.
We take as cycle the time between two successive production runs. The
expected length of one cycle is the expected amount of time needed to collect
N orders and so

the expected length of one cycle = p+ -+ -+ pu = Np.

The ¢h arriving order in a cycle is kept in stock until N — ¢ additional orders
have been arrived and so the expected holding cost incurred for this order is
h x (N —i)p. This gives

the expected costs incurred in one cycle = K+ h(N —1)u+---+ hu
1

By dividing the expected costs incurred in one cycle by the expected length
of one cycle, it follows from the renewal-reward theorem that

K 1
the long-run average cost per unit time = ~a §h(N —1)
i

with probability 1. The function g(z) = K/(zp) + $hx is convex in z > 0
and has an absolute minimum in z* = y/2K/(hu). Hence the optimal value

of N is one of the integers nearest to x*.
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14E-11 Let X(t) be the number of messages in the buffer at time ¢. The
stochastic process { X (t),t > 0} is regenerative. By the memoryless property
of the Poisson arrival process, the epochs at which the buffer is emptied are
regeneration epochs. Let a cycle be the time between two successive epochs
at which the buffer is emptied. Obviously, the length of a cycle is equal to
T. Let the random variable 7,, denote the arrival time of the nth message.
Define the cost function g(z) by g(z) = h x (T'—z) for 0 < z < T and
g(z) = 0 otherwise. Then, the expected value of the total holding cost in the
first cycle is

B[S o] =03 Bt =0 [ (- asiteas

where f,(x) is the probability density function of the arrival epoch 7,,. The
interchange of the order of expectation and summation is justified by the
non-negativity of the function g(z). Since the interarrival times of messages
are independent random variables having an exponential distribution with
parameter A, the density f,(x) is the Erlang density \"a" e ?*/(n — 1)!.
Interchanging the order of summation and integration in the above expression
for the expected holding cost and noting that >~ | f,(x) = A, it follows that
the expected value of the total holding cost in the first cycle is equal to

T 00 T 1 )
h/o (T—x)n;fn(x)dx:h/o (T — 2)Adz = ShAT®.

Hence the total expected cost in one cycle is K —I—h%T2 and so, by the renewal
reward theorem,
K+ 3h\T° K

1
the long-run average cost per unit time = — 7 =7 + Qh)\T

with probability 1. Putting the derivative of this convex cost function equal
to zero, it follows that the optimal value of T' is given by

2K
T =)=
hA

14E-12 Let X (t) be the number of passengers waiting for departure of the
boat at time ¢. The stochastic process {X(t),t > 0} is regenerative. The
regeneration epochs are the departure epochs of the boat. Consider the first
cycle (0,T). By conditioning on the arrival time of the nth potential customer
and using the law of conditional probability, we have that

) )\ntn—le—)\t

o

T
P(the nth arrival joins the first trip) = / e~ MT—t
0
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It now follows that

(T—1) = 1 efx\t

SR

0o AT
E(number of passengers on the first trip) = Z/ e
n=1"0

Interchanging the order of summation and integration and using the fact that

Sooe A re M/ (n— 1) = A, we find

T
A
E(number of passengers on the first trip) = / e MT=DNdt = Z(1 — 7).
0 H

Hence

R
E(the expected net reward in one cycle) = —(1 — e ) — K.
i

The expected length of one cycle is T'. Hence, by the renewal-reward theorem,

(BA/p)(1 — ™) — K
T

the long-average net reward per unit time =

with probability 1. Assuming that RA\/p > K, differentiation gives that
the long-run average net reward is maximal for the unique solution of the
equation

e " (RXT + R\/p) = R\ — K.

14E-13 Define the following random variables. For any ¢ > 0, define the
indicator variable I(t) by

I(t) = 1 if the system is out of stock at time ¢
| 0 otherwise

Also, for any n = 1,2, ..., define the indicator variable I,, by

I 1 if the system is out of stock when the nth demand occurs
"1 0 otherwise.

The continuous-time stochastic process {I(t)} and the discrete-time stochas-
tic process {I,} are both regenerative. The regeneration epochs are the
demand epochs at which the stock on hand drops to zero, by the memoryless
property of the Poisson process. A cycle starts each time the stock on hand
drops to zero. The system is out of stock during the time elapsed from the
beginning of a cycle until the next inventory replenishment. This amount
of time is exponentially distributed with mean 1/u. The expected amount
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of time it takes to go from stock level @ to 0 equals @/\. Hence, by the
renewal-reward theorem,

the long-run fraction of time the system is out of stock
_ e
1/p+ QA

To find the fraction of demand that is lost, note that the expected amount
of demand lost in one cycle equals A x E(amount of time the system is out
of stock during one cycle) = A/u. Hence, by the renewal-reward theorem,

the long-run fraction of demand that is lost
__ANwe
ANp+@Q

The above two results lead to the remarkable finding:

the long-run fraction of customers finding the system out of stock

= the long-run fraction of time the system is out of stock.

This finding is a particular instance of the property “Poisson arrivals see time
averages”, see also Chapter 16 of the textbook. Roughly stated, this property
expresses that in statistical equilibrium the distribution of the state of the
system just prior to an arrival epoch is the same as the distribution of the
state of the system at an arbitrary epoch when arrivals occur according to a
Poisson process. This result requires only that the arrival process {N(t),t >
0} can be seen as an exogenous factor to the system and is not affected by the
system itself. An intuitive explanation of the property “Poisson arrivals see
time averages” is that Poisson arrivals occur completely randomly in time.

14E-14 Define the following random variables. For any ¢ > 0, let

I() = 1 if the work station is busy at time t.
]| 0 otherwise.

Also, for any n =1,2,..., let

j 1 if the work station is busy just prior to the nth arrival
" 1 0 otherwise.

The continuous-time process {I(t)} and the discrete-time process {I,} are
both regenerative. The arrival epochs occurring when the working station
is idle are regeneration epochs for the two processes Let us say that a cycle
starts each time an arriving job finds the working station idle. The long-run
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fraction of time the working station is busy is equal to the expected amount
of time the working station is busy during one cycle divided by the expected
length of one cycle. The expected length of the busy period during one
cycle equals 8. The Poisson arrival process is memoryless and so the time
elapsed from the completion of a job until a next job arrives has the same
distributions as the interarrival times between the jobs. Hence the expected
length of the idle period during one cycle equals the mean interarrival time
1/X. Hence, by the renewal-reward theorem,

the long-run fraction of time the work station is busy

_ B
ICESYON

The long-run fraction of jobs that are lost equals the expected number of
jobs lost during one cycle divided by the expected number of jobs arriving
during one cycle. The arrival process is a Poisson process and so the expected
number of arrivals in any time interval of the length x is Az. This gives that
the expected number of lost arrivals during the busy period in one cycle
equals A x E(processing time of a job) = A3. Hence, by the renewal-reward
theorem,

the long-run fraction of jobs that are lost
__M
148

The above two results show that

the long-run fraction of arrivals finding the work station busy

= the long-run fraction of time the work station is busy.

Again we find that Poisson arrivals see time averages. Also, it is interesting
to observe that in this particular problem the long-run fraction of lost jobs
is insensitive to the form of the distribution function of the processing time
but needs only the first moment of this distribution. Problem 14E-15 is a
special case of Erlang’s loss model that has been discussed in Chapter 16.
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